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Little String Theory (LST) is a still somewhat mysterious theory that describes the dy- 
namics near a certain class of time-like singularities in string theory. In this paper we 
Q_i! 

discuss the topological version of LST, which describes topological strings near these sin- 

^ ■ 

gularities. For 5 + 1 dimensional LSTs with sixteen supercharges, the topological version 
may be described holographically in terms of the M = 4 topological string (or the M = 2 
string) on the transverse part of the near-horizon geometry of iVS^-branes. We show that 
this topological string can be used to efficiently compute the half-BPS F 4 terms in the low- 
energy effective action of the LST. Using the strong-weak coupling string duality relating 
type II A strings on K3 and heterotic strings on T 4 , the same terms may also be computed 
in the heterotic string near a point of enhanced gauge symmetry. We study the F 4 terms 
in the heterotic string and in the LST, and show that they have the same structure, and 
that they agree in the cases for which we compute both of them. We also clarify some ad- 
ditional issues, such as the definition and role of normalizable modes in holographic linear 
dilaton backgrounds, the precise identifications of vertex operators in these backgrounds 
with states and operators in the supersymmetric Yang-Mills theory that arises in the low 
energy limit of LST, and the normalization of two-point functions. 



1. Introduction 



One of the more mysterious outcomes of the recent progress in the understanding of 
non-perturbative aspects of string theory is the discovery of theories which are non-local 
(and have some stringy aspects) but are decoupled from gravity. These theories are known 
as Little String Theories (LSTs) (for reviews see |]||); they appear in backgrounds of 
string theory which contain singularities and/or iVS'S-branes. In these cases interesting 
dynamics near the singularity (or brane) remains even in the decoupling limit g s — > 0. 
This dynamics is captured by the LST associated with the singularity. 

The best description that we have for these theories [|3j is via an asymptotically linear 
dilaton background of string theory which is holographically dual to them@. This descrip- 
tion tells us what are the observables of the LST, and some of its properties (such as the 
thermodynamic behavior, which at high energy densities resembles that of free string theo- 
ries, with important differences 0). It also allows for the computation of some correlation 
functions in these theories (at least when we go out on their moduli space H0]). However, 
we still lack a direct definition of these theories. 

In many supersymmetric compactifications of string theory, there is a sector of the 
theory which is protected by super symmetry (the analog of the chiral sector in d = 4, M = 1 
supersymmetric gauge theories), and which is captured by a topological version of the full 
string theory. In the case of type II string theories compactified on Calabi-Yau three-folds, 
this topological string theory is the Af = 2 topological string M, while for type II string 
theories compactified on K3 surfaces it is the Af = 4 topological string, which is equivalent 
to the Af = 2 string (see also ||10|| ). Since the construction of a Little String Theory 
involves taking some limit of a supersymmetric type II compactification, it is natural to 
suggest that taking the same limit in the topological string theory will lead to a topological 
version of Little String Theory. Such a version may be easier to understand than the full 
LST, and it may be easier to find a direct definition for it (the holographic description of 
these theories is just the topological string version of the holographic description of the 
full LSTs). In four dimensional LSTs, some progress in this direction has been made, 



particularly for the case of the conifold [pTT| - |T5[] . The main motivation for this work is to 
obtain a better understanding of more general singularities of Calabi-Yau as well as K3 
surfaces. 



1 In some cases there is also a DLCQ description [Q, but this requires taking a large ./V limit 
which is difficult to control. The holographic description does not require taking large N limits. 
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In this paper we focus on the most symmetric LSTs, which are 5 + 1 dimensional 
theories with sixteen supercharges (A/" = (1,1) supersymmetry in six dimensions). These 
theories arise from decoupling limits of type IIA strings on ALE spaces (non-compact K3 
manifolds that arise by blowing up the geometry in the vicinity of ADE singularities of 
compact K3 surfaces), or from decoupling limits of type IIB A^S'S-branes in flat space. 
The holographic description of these theories is given by string theory on the near-horizon 



geometry of Af,S5-branes, the CHS background [[L6| . The discussion above suggests that 
the M = 2 string on the CHS background is holographically dual to a topological version 
of the corresponding LST. In this paper we investigate this suggestion. 

Before taking any decoupling limits, the topological string computes various ampli- 
tudes which are protected by supersymmetry in the full type II string theory 0. These 
correspond to the coefficients of specific terms in the low-energy effective action of the 
theory. It is interesting to ask what do correlation functions in the topological version of 
LST compute. In general, LSTs are known to have operators which are defined off-shell, 
and the physical observables are Green's functions of these operators. This is different 
from critical string theory, in which the observables are on-shell S-matrix elements. The 
discussion above suggests that there should be some sub-class of the correlation functions 
of the off-shell observables of LST which is topological in nature, and which is computed 
by the topological LST. One way to derive this sub-class is by taking a limit of the topo- 
logical observables of the full type II string theory, but this is complicated by the difference 
between the observables in the two types of theories. Another way to derive this sub-class 
is to follow the terms in the effective action of the type II string theory which are protected 
by supersymmetry to the LST limit, and to find which observables in the topological LST 
compute these terms. This is the route that we will follow in this paper. 

The particular term in the low-energy effective action that we will discuss has the form 
tgF , where F is an Abelian gauge field in the low-energy theory and t% is a specific constant 
tensor which governs the contraction of the indices of the four gauge fields. In weakly 
coupled type II string theory, the field strength in question corresponds to a Ramond- 
Ramond (RR) gauge field. The coefficient of this F 4 term is believed to be protected 
from quantum corrections by supersymmetry, and to be given exactly by the tree level 
contribution. We will show that it corresponds to an observable in the topological string 
theory, and use this to compute it. 

We will leave the analysis of other topological amplitudes in LST to future work. Such 
amplitudes are also of interest; for example, it is known that higher-loop contributions to 
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the partition sum of the topological string theory are related to the coefficients of certain 
BrF 9 ~ A terms in the effective action of the type II string theory 0. 

Type IIA string theory on K3 is believed to be dual to the heterotic string on T 4 , 
and the coefficient of the tgF 4 term may also be computed using the heterotic theory. In 
the heterotic string, this term receives contributions only at one-loop, and it can be easily 
computed. The result simplifies significantly in the LST decoupling limit, where it is given 
by a one-loop computation in the low-energy gauge theory. 
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Fig. 1: A schematic diagram of the theories discussed in this paper. The three 
theories on the top-right corner are related by T-dualities and S-dualities. The 
different routes towards the bottom-left corner are commutative. 



Heterotic/type II duality thus leads to a non-trivial prediction: a tree level four-point 
function in LST should be equal to a one-loop amplitude in the low-energy field theory. As 
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we review below, the two calculations are valid in different regions in moduli space, and 
the only reasons to expect them to agree are (1) the non-renormalization of these terms, 
and (2) heterotic/type II duality. We will show by an explicit calculation of both sides 
that they indeed agree. One can view this as a new non-trivial check of heterotic/type II 
duality and of the non-renormalization of the t$F 4 term. Since these two circles of ideas 
are rather well established, we use these calculations to develop tools for studying LST in 
general, and particularly its topological sector. 

One of our main motivations for studying these theories is the hope that an alternative 
description of LST can be obtained by using an open-closed string large iV duality. There 
are some indications that this should be possible. The first example of a holographic 
duality, the equivalence of certain large iV matrix models in one or less dimensions in a 
double scaling limit with c < 1 conformal field theories (CFTs) coupled to worldsheet 
gravity (or string theory in D < 2 dimensions), is now understood as an open-closed 
string duality, with the open strings living on unstable DO-branes localized in the Liouville 
direction |T7| - |2"5[| . These backgrounds of string theory can be thought of as simple examples 
of LST PJ26[1 , with the Liouville direction playing the role of the radial direction away from 
the singularity. 

Thus, it is natural to expect more generally, that an alternative description of LST 
can be obtained by studying D-branes localized in the vicinity of the singularity (where, 
as we will review below, the effective string coupling is largest). A natural first step in 
constructing an open string dual of the full LST is to find one that is dual to the topological 
sector of the theory. Something like this is known to exist for the case of the conifold, where 
the topological LST is dual to a topological open string theory describing the dynamics 



on iV — > oo D-branes localized near the conifold singularity |TT|,|T2|,|T^] . We would like to 
find the analog for the case of ALE spaces. We will not discuss open-closed string duality 
in this paper (except for a few comments in the discussion), but we hope that our results 
will be useful for constructing an open string dual for six dimensional topological LST, 
and perhaps eventually also for the full theory. 

We begin in section 2 by reviewing the known results about tsF 4 terms in field theories 
with sixteen supercharges and in toroidal compactifications of the heterotic string. In 
section 3 we review the duality between the heterotic string on T 4 , the type IIA string 
on K3, and type IIB backgrounds with iVS'S-branes, and the implications of this duality 
for the t$F terms. In section 4 we formulate type II string theory in the near-horizon 
limit of ALE singularities (or coincident iVS'5-branes) , and discuss in detail its worldsheet 
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properties. We also comment on the analogy between our discussion of the ALE case and 
previous discussions of strings on the conifold. In section 5 we use the type II and Af = 2 
string theories on the (deformed) CHS background to compute correlation functions of the 
vertex operators which are relevant for the t%F 4 terms in the low-energy effective action. 
In section 6 we compare our type II and Af = 2 string results with the expectations from 
the heterotic (or low-energy field theory) analysis. We end in section 7 with a summary of 
our results and a discussion of possible future directions. Four appendices contain useful 
technical results. 



2. F 4 terms in theories with sixteen supercharges 

In this section we review the structure of F 4 terms in the effective actions of theories 
with sixteen supercharges, both in field theory and in string theory. We review the argu- 
ments for the one-loop exactness of these terms. For the string theory case, we focus in 
this section on the heterotic string, since the relation with the field theory limit there is 
most straightforward. In the next section we discuss the appearance of the F terms in 
different string duals of the background considered here. 



2.1. Field theory 

In super Yang-Mills perturbation theory, there is a one-loop contribution to F 4 terms 
in the low-energy effective action, which is given by the diagrams with four external gauge 
bosons in figure 2. As reviewed below, for the d = 4 Af = 4 supersymmetric Yang-Mills 
(SYM) theory the one- loop contribution gives the exact result, both perturbatively and 
non-perturbatively. On the other hand, it is known J27| that for theories with sixteen 
supercharges in d = 3 the F 4 terms receive instanton corrections. 

The non-renormalization of F terms in d = 4, Af = 4 SYM has been discussed 



by various authors P7| - p0| . On general grounds, the terms for which we expect non- 
renormalization would be integrals over half of Af = 4 superspace, if such a formulation 
existed. Consider an SU{2) gauge theory spontaneously broken to U(l). In such a case 
the low-energy effective action involves only a U(l) Af = 4 vector multiplet. When we 
view the Af = 4 theory as an Af = 2 theory, the U(l) gauge field strength F^ v appears 
as a component of the Af = 2 U(l) vector multiplet We consider the F 4 terms in the 
region of moduli space where only the scalar in the Af = 2 vector multiplet has a vacuum 
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Fig. 2: Diagrams contributing to F A terms in SYM theories. Wiggly lines denote 
gauge fields, solid lines are scalar fields and dashed lines are fermions. 



expectation value (VEV)i. In TV = 2 superspace language, the most general such term in 
the low-energy effective action can be written as 

J d 8 en(^,^,T,T^), (2.1) 

where r is the complexified coupling constant. Invoking the scale invariance and the U(1)r 
symmetry of the theory, one can argue that for given r, 7i is uniquely fixed to be 



A) u, 

where A is a fake scale, that does not survive integration over superspace. Furthermore, 
by promoting r to a background superfield, it also follows from scale invariance and U(1)r 
symmetry that Tt can not depend on r at all, so the coefficient in (|2.2|) can be computed 
at one-loop, and there are neither perturbative nor non-perturbative corrections to the 
one-loop result. 

It is easy to generalize this to arbitrary gauge groups (broken to their Abelian subgroup 
by a VEV for the scalar in the vector multiplet) []33| - |35[| , where \I/ belongs to the Cartan 



The more general case was discussed in [ 29 , 3C|, 31 and reviewed in [32]. 
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subalgebra and H is given by a sum over the positive roots of the gauge group 

After integration over superspace this gives rise to F 4 terms. Similar terms appear at one- 
loop in any dimension (in theories with sixteen supercharges), and in the (i-dimensional 
maximally supersymmetric SYM theory they are given by 

£ef f - T ^4r~ , (2.4) 

where Mw(ot) is the mass of the W-boson associated with the root a (at a particular point 
in the moduli space). The structure of the space-time indices in ( |2.4j) will be described 
below. 

As mentioned above, for d = 4 equation ( |2.4|) is exact, while for d = 3 it receives 
instanton corrections. For d > 4 the gauge theory is non-renormalizable, and one has to 
embed it in a consistent theory, such as string theory, in order to discuss higher loop and 
non-perturbative corrections. 

2.2. String theory 

Next, we turn to F 4 terms in string theories with sixteen supercharges. For con- 
venience, we will start by considering the field strength F^ v to be that of the SO{?>2) 
heterotic string theory in ten dimensions. The interesting term is of the form t%F 4 , where 
tg is a constant tensor defined below. In ten dimensions, the tstr(F 4 ) term is absent at 
tree leveli, but it receives a one-loop contribution [p6| - p9| . Since it is related by supersym- 
metry to the anomaly-canceling term BF 4 , the one- loop result is expected to be exact, 
both perturbatively and non-perturbatively. The precise result for the amplitude in ten 
dimensions is 

I ^papjs ^ (F^F^F^) , (2.5) 



2 8 7r 5 4!a' 8 



3 There is a tree-level ^8tr(.F 2 )tr(.F 2 ) term, but this term will not be relevant in the limit we 
will be interested in. 
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where the trace is in the vector representation and the tensor t§ is defined as follows : 

^puapa/3-yS ^ _ £ f ^fj,agvp _ gp,p g^ a ^g a "t fit 35 _ g aS gPl^ _|_ 

l^gvcrgpagPjgSv + gvagpagp-fgSv + guagfr g5a gp» + an ti symme trization| . 

(2.6) 

When we compactify the heterotic string on T 4 , the structure of the tgF 4 terms 
becomes more interesting. Now, at generic points in moduli space the gauge group is 
£7(1) 24 . We focus on the tsF 41 term involving only the sixteen gauge bosons coming from 
the Cartan torus of SO(32). The coefficient of this term is no longer fixed by anomaly 
considerations, and it depends on the Narain moduli. At the same time, there are several 
arguments (reviewed, for example, in [}4U(| ) that support the claim that this term does 
not depend on the heterotic string coupling gh, i.e. it is one-loop exact. Perturbative 
corrections in gh can be shown to be absent, as in the ten dimensional case (see e.g. 



||41|| ); this was explicitly verified at two-loop order in [[12]. Non-perturbatively, the only 
identifiable BPS instanton is the heterotic fivebrane, but there are no six-cycles in T 4 which 
the Euclidean fivebrane can wrap. Finally, the independence from the string coupling is 
suggested by the decoupling between the gravitational multiplet (to which the dilaton 
belongs) and the vector multiplets, as seen in the factorization of the moduli space. 

The computation of the one-loop contribution to the effective Lagrangian near singu- 
larities in the case at hand is very similar to the one performed for the conifold in [53 ]. 



The term in the effective Lagrangian arising from the one-loop computation is 

C eff = # 8 F'F'F*F* £ P WnP%P L R rl ^ff- , (2.7) 

where we suppressed the space-time indices of tg and of the gauge fields, which run over 
0, . . . , 5. T is the fundamental domain of the moduli space of complex structures of the 
(worldsheet) torus, lh = is the heterotic string length, and the sum runs over the 

even, self-dual lattice T^o corresponding to a particular value of the Narain moduli. The 
contribution r| comes from the zero modes on T 4 , and the l/fj(f) 24: is the contribution of 



the right-moving bosonic lattice. To describe the points of enhanced gauge symmetry in 



the moduli space, we start by recalling the mass formula for perturbative BPS states [44 



\a'M 2 = \p\ = \p\ + (N R - 1) . (2.8) 

The sixteen gauge bosons of the Cartan subalgebra have pl = Pr = and Nr = 1, and are 
massless everywhere in moduli space. At the origin of moduli space there are additional 
massless states with Nr = and p\ = 0,p R = 2. These are W-bosons corresponding to 
roots of SO(32). At generic points in the moduli space of T^o they are massive. We will 
be interested in the behavior near points of enhanced ADE gauge symmetry, where some 
or all of them are light. Near such points, the expression ( |2.7|) simplifies enormously. The 
leading contribution comes from the light W-bosons, and is dominated by — > oo: 

d 2 Te -,rWM- w = _1_ (1 + o^Mfo ) , (2.9) 

T 71 a 1VI W 

where M\y is the mass of the light W boson. 

All in all, near a point of enhanced gauge symmetry, the effective Lagrangian ( |2.7| ) 
reduces to 

**ff ~ E i 1 + O^w/MD) , (2.10) 

where the sum runs over the roots of the gauge group corresponding to the light gauge 
bosons at a particular point in moduli space. As expected, this is the same as the one-loop 
result in the low-energy field theory described above. It is easy to show that the string 
calculation reduces in this limit to the field theory one- loop calculation reviewed in §2.1. 



3. Heterotic/type II duality 

In this section we review the duality between the heterotic string on T , the type IIA 
string on K3, and configurations of iVS^-branes in type IIB string theory, paying special 
attention to the origin of the tgF 4 " terms in these backgrounds. We will focus on the 
behavior near points in moduli space where the gauge symmetry is enhanced. 
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3.1. Duality for compact spaces 

There is strong evidence for a strong-weak coupling duality between type IIA string 
theory on K3 and heterotic string theory on T 4 ||45|1 . In particular, their six dimensional 
TV = (1,1) supersymmetric effective actions can be identified by a change of variables that 
implies the following relations between the six dimensional string couplings and string 
scales : 

h = gnhi , 9h = l/gn • (3.1) 

The massless content of type IIA string theory on K3 at generic points in moduli space 
is one M = (1,1) graviton multiplet and twenty M = (1,1) vector multiplets. Since the 
M = (1, 1) graviton multiplet contains four graviphotons, at generic points in moduli space 
the gauge group is £7(1) 24 , as on the heterotic side. Since all the gauge bosons are in the 
Ramond-Ramond (RR) sector, no perturbative string states are charged under them, only 
D-branes. 

Twenty two of the twenty four gauge bosons come from reductions of the type IIA 
RR three-form potential on two-cycles of the K3. Of these twenty two, three correspond 
to self-dual forms and nineteen to anti-self-dual forms. Sixteen of these nineteen gauge 
bosons map to the sixteen gauge bosons that on the heterotic side come from the Cartan 
subalgebra of the ten dimensional gauge group. At the particular point in moduli space 
where the K3 is a T 4 jTLi orbifold, these sixteen gauge bosons arise from the twisted sectors 
of the orbifold, corresponding to states localized at the fixed points, one gauge field per 
fixed point. 

Taking into account the normalization of the RR fields in the type IIA action, and 
( PI) , the t$F 4 term (§77|), which was a one loop effect on the heterotic side, must appear at 
tree level on the type IIA side. We can present some arguments for the non-renormalization 
of this term directly on the type IIA side: the identifiable BPS instantons would be Eu- 
clidean DO and D2 branes, but there are no one-cycles or three-cycles for these branes to 
wrap. At the T /~%-2 orbifold point of the moduli space, the tree level t%F terms in the 



type IIA string theory were successfully compared to the one-loop heterotic results in [46] . 

By tuning the moduli of the K3, one can reach singular surfaces, which contain some 
two-cycles shrunk to zero size. These singularities of K3 follow an ADE classification. 
They provide the type IIA description of the enhanced ADE gauge symmetry that is 
visible perturbatively on the heterotic side. The W-bosons correspond in this description 
to D2-branes wrapping the vanishing cycles. 
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The expression (ETTDD for the t 8 F 4 term near a point of enhanced gauge symmetry was 



derived for the heterotic string under the condition M w <C M%, but without any restriction 
on the value of g^. For g^ ^> 1, the same expression must have a weakly coupled type IIA 
interpretation. To see what it is, recall that since the fundamental string on the heterotic 
side is given by the type IIA iVS'S-brane wrapping the K3, their tensions are related by 
Th = Tns5 vol(-O) Ijj, where vol(K3) is the dimensionless volume of the K3 in type II 
string units. Thus, ~ vol(K3)/(lf I gg), where g s is the ten dimensional IIA coupling, 
related to the IIA six dimensional coupling gjj by g 8 = g 2 n vol(i^3). Furthermore, in the 
type IIA theory the W-bosons are wrapped L>2-branes, so Mw ~ vol (two-cycle) /(Zj/<7 S ), 
where vol (two-cycle) is the volume of the two-cycle the D2-brane wraps, in string units. 
It follows that the condition for the validity of (|2.10| ) on the type II side is 



vol(two-cycles) < Vvol(K3) . (3.2) 

This condition is purely geometric; in particular, it is independent of the type IIA string 
and Planck scales and of the type IIA string coupling. 

We see that in the limit (|3.2| ), the structure of the t%F A terms is only sensitive to 
physics near the ADE singularity on the K3 (through the volumes of the shrinking two- 
cycles) and not to the detailed properties of the full theory. One can isolate that physics 
by studying the "near-horizon" region of the singularity; we will discuss this in more detail 
below. 

It is interesting to note that unlike the heterotic case, in the weakly coupled type II 
limit g s — > 0, there are actually two regimes that need to be analyzed separately. Denoting 
the string scale of the type II theory by M s (M a = the physics is qualitatively 

different when Mw S> M s and when Mw *C M s . The difference has to do with the fact 
that the W-bosons correspond to wrapped .D-branes in the type II description. When 
Mw 3> M s , they are very heavy, and a perturbative string description of the physics 
associated with the small cycles (|3.2| ) is possible. This regime will be discussed in detail 
in §4, §5. It is there that the t%F interaction (|2.10| ) must arise at tree level as discussed 
above, and we will show that it indeed does. 

On the other hand, when Mw <C M s , the type II description is strongly coupled, and 
string perturbation theory breaks down, as is clear from the fact that in this regime the 
non-perturbative wrapped D-branes of mass ~ Mw are much lighter than perturbative 



string states. For the purposes of studying the t^F 4 term ( |2.10| ) this region is actually 
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simple, since the lightest massive states are the W-bosons, and their dynamics is given 
at low energies by M = (1, 1) six dimensional SYM. Thus, the tgF 4 term arises in this 
regime at one-loop, from the Feynman graphs discussed in §2, with the wrapped D-branes 
running in the loop. 

So far, we have reviewed the duality between the heterotic string on T 4 and the 
type IIA string on K3. There is a further duality relating these compactifications to a 
configuration of AS'S-branes in type IIB string theory [jl7,48l. To discuss this duality, 



consider a particular point in moduli space, type IIA on T 4 /Z2. At this point in the 
moduli space the eighty moduli of the K3 CFT split naturally into sixteen controlling the 
size and shape of the T 4 /Z2, and the remaining sixty four, which correspond to blow up 
modes at the sixteen orbifold singularities. 

Suppose, for simplicity, that the four-torus is a product of four circles, T 4 = (S 1 ) 4 . 
T-duality on one of the circles relates [[|8| this background to type IIB on T 4 jTL<i, where 
the H-i acts in a non-standard way. A simple way of thinking about the resulting IIB 
background is as an S-dual of type IIB with sixteen orientifold five-planes and a L>5-brane 
sitting at each of the 05-planes (a T-dual description of type I string theory on T 4 ). Thus, 
each of the ~IL<i fixed points carries (—1) units of A^S^-brane charge, which is canceled by 
an AS'S-brane sitting at the fixed point. This type IIB vacuum does not have moduli 
that blow up the Z2 singularities. The original sixty four blow-up modes of the type 
IIA description map to moduli describing the positions of the sixteen AS'S-branes on the 
T ITLi (four real moduli per brane). At the orbifold point the sixteen AS'S-branes coincide 
with the fixed planes, but the duality holds also at generic points in the moduli space. In 
this realization, the W-bosons are .D-strings suspended between different AS'S-branes; the 
enhanced gauge symmetry occurs when two or more AS'S-branes are brought together. 

3.2. Duality for non-compact spaces 

In the previous subsection we described three dual realizations of the same physics. 
By varying the moduli, we can reach points with an enhanced gauge group. These gauge 
groups follow an ADE classification, but their rank can be at most twenty four. However, 
if we consider local singularities embedded in a non-compact K3 surface, we can realize 
configurations with arbitrary ADE gauge group. Since eventually we will be interested 
in all possible LSTs with sixteen supercharges (which arise from decoupling limits of such 
singularities), we discuss this non-compact duality in some detail. 
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For concreteness consider type IIA on aC 2 /^ singularity. The twisted sector includes 
(k — 1) six dimensional Af = (1,1) vector multiplets, including NS-NS and RR fields, 
associated to the different two-cycles which vanish at the orbifold point. The moduli come 
from the NS-NS sector: the Kaluza-Klein reduction of the B field on the two-cycles gives 
{k — 1) moduli Bi, which are singlets under the SU(2) that rotates the complex structures; 
(k — 1) triplets of scalars Q account for metric deformations. Altogether, we have A(k — 1) 
real moduli. 

This is related^ by T-duality to k AS^-branes of type IIB string theory arranged on 
a circle of radius R, in the limit 

gf - 0, R/lfj -> 0, gf = 9 -^L fixed . (3.3) 

The (k — 1) Bi are mapped to the relative distances between the AS^-branes on the circle, 
while the (k — 1) triplets correspond to their transverse positions in the remaining IR 3 . The 
limit of enhanced SU{k) gauge symmetry in which the Bi — > corresponds to bringing 
the k AS^-branes together in the transverse IR 4 (the circle can be ignored in this limit). 

We can regard this non-compact case as a limit of the compact case described in the 
previous subsection. Obviously, in this limit equation ( |3.2|) is satisfied, so the heterotic 
dual satisfies <C M 2 and equation ( |2.10|) should be valid. 

For future reference, we recall that the type II solution for a collection of k parallel 
AS^-branes, at different points x n in the transverse IR 4 , is given by ]16[ 



ds 2 = -dt 2 + dy\ + . . . + dyl + e 2{D ~ D °\dxl + dx 2 + dxj + dx\ 

k , 
a 

^n) 



H^x = -e^ uX d a D . 

Here, D is the dilaton, and -Do is related to the asymptotic string coupling far from the 
AS'S-branes, g s = exp(Do). H^x is the field strength of the NS-NS B field B^ v . When 
all the AS^-branes coincide, say at the origin, the transverse metric and dilaton near the 



branes are IT6 



ds 2 = ^(dr 2 + r 2 dQ 2 ) = d<f> 2 + ka'dQ 2 , 
D -- 



Vk 



OL 



See [49 1 for a more detailed discussion. 
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where dO| is the metric on a unit three-sphere, and the new radial coordinate (p is defined 
by e^/ v ^ 7 = re~ D ° /Vka' . Note that in the limit ( |3.3| ) we take gf — ► 0. One might have 
naively thought that in this limit, the dynamics on the worldvolume of the A^S'S-branes 
becomes trivial, but as we review in the next section, that is not the case. The near-horizon 
limit (|3.5| ) of the k coincident iVS'S-branes defines a non-trivial 5 + 1 dimensional theory, 
a Little String Theory. Since the t%F A terms are expected to be independent of the string 
coupling, one should be able to compute them in LST. We will devote the bulk of this 
paper to performing this computation and comparing it with the heterotic result ( |2.10|) . 

4. Type IIA string theory on a near-singular K3 

As discussed in the previous section, when the K3 surface develops two-cycles whose 
size is much smaller than that of the whole K3, or in the T-dual picture, when the NS5- 
branes approach each other to within a short distance, it is expected that the leading 
contribution to the tgF 41 terms comes from the vicinity of the singularity. This is certainly 
true when the mass of the W-bosons, Mw, is much smaller than the string scale of the 
type II theory, M s , since then the low-energy field theory approximation is valid. We will 
see below that it is also true for M\y ^> M s , the region of interest herell. Thus, we are led 
to study the type II theory in a limit where we decouple the bulk of the K3, and focus on 
the "near-horizon" geometry of the singularity. In this section we describe some features 
of this limit. We will often suppress constants and factors of M s in the discussion below, 
exhibiting them only when it seems necessary to do so. 

4-1- The decoupling limit and holography 

Near an Ak-i ALE singularityi, the K3 can be described as the surface 

4 + z 2 2 + z 2 = 0, (4.1) 

in C 3 . The manifold ( }4.1J ) contains a conical singularity at Z\ = Z2 = zs = 0. One can 
think of the overall scale of (zi, zi : zs) as the radial distance away from the singularity (we 
will make this more precise below). 

5 This is natural, since the bulk of the K3 cannot contribute terms that go like negative powers 
of Mw, such as those in equation ( |2.10 ), 

6 For simplicity, we restrict in the present discussion to A-series singularities. It should be 
possible to generalize all of our results to the D- and E-series. 
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Of course, ( fl.l|) provides an accurate description of the geometry only very close to 
the singularity. In the full geometry, it has to be attached to the rest of the K3. Since 
the bulk of the K3 will not contribute to our calculations, we will neglect it and take the 
target space to be the non-compact K3 surface ( fLT|) all the way to Zi = oo. 

Moreover, we would like to decouple any gravitational physics in the bulk of the ALE 
space. This can be achieved by sending g s — > 0; by the duality described in §3.2, this limit 
in type IIA string theory is the same as the near-horizon limit of k iVS'S-branes in type 
IIB string theory, and as described above, taking this limit does not affect the t^F 4 terms 
we are interested in. Normally, string theory becomes free in the g s —>■ limit, but here 
this is not the case, since non-trivial dynamics remains in the vicinity of the singularity. 
This can be seen by embedding the ALE space (|4.1|) in a larger class of deformed spaces, 



zi + 4 + 4=t*- ( 4 - 2 ) 

For /j / the conical singularity is smoothed out, and the formerly vanishing two-cycles 
get a finite volumeS 

V S 2 ~ ^ . (4.3) 

If one keeps the volume of the two-cycles fixed (and non-zero) as g s — > 0, the theory 
becomes free, as is customary in string theory. To get a non-trivial theory, one can study 
the double-scaling limit || 

H ->• 0, g s -> 0, 

A** ( 4 - 4 ) 
M w ~ — = fixed , 

9s 

in which the Planck scale goes to infinity, but the mass of D-branes wrapped around the 
collapsing two-cycles remains finite. In effect, in this limit the scale M\y replaces the Planck 
scale as the energy above which the theory becomes strongly coupled and non-perturbative 
effects become important. Since this scale is not associated with strong gravity effects, the 
resulting theory is non-gravitational - it is a Little String Theory. The above discussion 
also makes it clear that the non-trivial dynamics in the limit (|4.4|) is localized near the 
singularity, as explained in §3. 

The double scaling limit (|4.4|) contains a tunable dimensionless parameter, Myy/M s . 
If Mw "C M s (an extreme case of which is the original ALE space ( f4.1|) ), string theory 



7 This follows from the form of the holomorphic two-form on the deformed ALE space ( |4.2| 
f2 = dz\ A (IZ2/2Z3. 
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near the singularity becomes strongly coupled well below the string scale (at E ~ M^), 
and there are few useful tools for studying it except in the limit E — > 0, where it reduces to 
a (free) six dimensional SU(k) M = (1, 1) supersymmetric Yang-Mills theory. This regime 
is of less interest to us, since the tgF 4 terms are well understood in it (see §2 and §3). In 
the opposite limit, Mw ^> M s , we expect a perturbative description to exist for energies 
E <C M\y, and in particular for E ~ M s . Thus, the situation here is similar to that in 
perturbative critical string theory (with the Planck scale replaced by Mjy). This is the 
regime that we will study in the rest of this paper. 

A very similar story can be told in the T-dual language of AS'S-branes in type IIB 
string theory on T 4 /^2- The T-dual of fl4.1| ) involves k coincident AS'S-branes at a regular 
point on T 4 /^. To isolate the physics of the iVS'5-branes, one proceeds as in the ALE 
case. First, focus on the geometry near the AS'S-branes, taking the transverse space to be 
JR . This leads to the CHS metric 03^4]) . Then, send the (asymptotic) string coupling to 
zero. This gives rise to the background (see (|3.5|)) 

ds 2 = dx^dx u + ha' (da 2 + dfl 2 .) , 

(4.5) 

D = -a , 



where a is related to r = |x| of equation ( |3.4| ) by r = y/ka'g s exp a, and we have suppressed 
the S-field in 

The background ( f4.5| ) (with the appropriate S-field) can be described by an exact 
CFT, 

R 5 ' 1 x IR^ x SU(2) k , (4.6) 



where the real line IR^ is labeled by <fi = Vka'a, the dilaton goes like 



D = -%- Q=^=, (4.7) 
^ yka! 



and the linear dilaton causes the central charge of the <p CFT to be 

c, = l + ^Q 2 = l + ^- (4.8) 

The supersymmetric SU(2)k CFT consists of a level (k — 2) bosonic SU{2) WZW model, 
as well as three free fermions if) a , a = 1, 2, 3, which transform in the adjoint of an SU (2)2 
affine Lie algebra, completing the total level of SU(2) to k. There are also free fermions ip^, 
\i = 0, 1, ■ ■ ■ , 5, and i/j<p, which are the worldsheet superpartners of and 0, respectively. 
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The ADE classification of singularities of K3 surfaces is mapped in the description ( |4.6| ) 
to the ADE classification of 577(2) modular invariants. 

Geometrically, the different components of (|4.6|) can be thought of as follows. IR 5 ' 1 is 
the worldvolume of the iV55-branes, JR^ parameterizes the radial direction away from the 
branes, while SU(2)k describes the angular three-spheres at constant distance from the 
branes. The SU(2)l x SU(2)r symmetry associated with the SU(2)k CFT is identified 
with the 50(4) rotation symmetry around the iV55-branes. 

The background ( [4.6| ) can be understood from the ALE point of view as well [17,25 . 
By writing 

2 

Oi, Z2, z 3 ) = (A*yi, Ay 2 , At/ 3 ) (4.9) 

where A = rexp(z6>) G C, and (1/1,2/2,2/3) take values in a weighted complex projective 
space, one can argue that r parameterizes the radial direction <fi in Q4.6|) , 6 labels the 
Cartan subgroup of 5L r (2)/ £ , while (2/1, 2/2, 2/3)5 which satisfy (f4.1|) as well, parameterize the 
coset SU(2)k/U(l). Thus, the ALE description corresponds to the parametrization 

x SU(2) k ~ IR^ x \ Si x ^jj^J /Z fc . (4.10) 



The radius of 5^ is yafk. An important fact is that (|4.6| ), ( |4.10| ) are only valid for k > 2, 
i.e. for two or more coincident iV55-branes. For fc = 1, the ALE space (|4.1| ) is smooth 
and, in the T-dual language, a single 7V55-brane does not develop a throat. 

The near-horizon description of the singularity ( [4.6|) is strongly coupled; the string 
coupling g s = e D diverges as — ► —00, which corresponds to the location of the NS5- 
branes, or the tip of the cone in ALE. This behavior is in agreement with our general 
considerations above, since ( f4.6|) corresponds to the case \x = in (|4.2|) , or Mw = in 
(|4.4|) . Thus the theory is strongly coupled for any finite energy, and the weakly coupled 
description for low energy is not via string theory on ( ^4.6| ) , but rather via supersymmetric 
Yang-Mills theory. 

In order to arrive at a weakly coupled string theory description, we would like to 
separate the iV55-branes in the transverse space, or equivalently smooth out the tip of the 
cone, as in ( [1.2|) . This is expected to eliminate the strong coupling singularity! in ( [4.6|) , 
and introduce the tunable parameter, Mw/M si into the problem. To do that it is useful 



8 In the N Sb-hrane picture, this is because as mentioned after equation ( |4.10| ), a single NS5- 
brane does not have a throat along which the string coupling can diverge. 
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to have in mind the holographic interpretation of the background ( f4.6|) , to which we turn 
next. 

In || it was proposed that string theory in asymptotically linear dilaton space-times, 
such as (f4.6|), is holographically related to a dual theory, a Little String Theory. This 
relation is analogous to that of the AdS/CFT correspondence |50|. The analogy is most 



straightforward in the NS5-brane picture, where the duality relates a decoupled theory 
on the world-volume of a stack of -/V,S5-branes, with string theory in the near-horizon 
geometry of the branes. The cf> direction in (4Jj) is expected to play the role of the 



holographic direction, while the S 3 is associated with the SO (4) global symmetry of the 
LST. Observables correspond to non-normalizable vertex operators! whose wavefunctions 
diverge at the weakly coupled "boundary" — ► oo. Correlation functions of such operators 
correspond to off-shell Green's functions in the dual LST. We will be interested here in 
observables corresponding to short representations of space-time supersymmetry, which as 
discussed in |J, are in one to one correspondence with gauge-invariant operators in short 
representations of supersymmetry in the low-energy gauge theory. 

The low energy limit of the LST contains SU(k) Af = (1,1) SYM theory, and we can 
label the operators of the LST using their descriptions as operators in this gauge theory. 
An example of the correspondence between LST operators and non-normalizable vertex 
operators that will be useful below is: 

t~ r ($ ll $ 12 . . . <_> e-*-*(W®j W) )j+i;m,me Q3 *e? p,x , (4.11) 

for j = 0, 1/2, 1, • • • , (k — 2)/2, where $ z , i = 6, 7, 8, 9 are the four scalar fields in the 
adjoint of SU(k), which parameterize the locations of the iVS'S-branes in the transverse 
directions, and on the left-hand side of ( [4. 11] ) one should consider only the symmetric, 
traceless components in (ii, %2, • ■ ■ , 12^+2) (this is required for the operator to be in a short 
representation) . On the right-hand side of (|4.11|) , (p, if are the bosonized superconformal 
ghosts, Qj-mm IS a primary of the bosonic SU(2) k _ 2 WZW model0, and the notation 
(^^^ su ^)j + i- m: rh means that we are coupling the fermions in the adjoint of SU(2), 
with the bosonic part into a primary of total spin (j + 1) and (J3 0t , ^3 0t ) = (tti, in). The 



9 A second class of observables corresponds to 5-function normalizable vertex operators. We 
will not discuss those here. 
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We review some properties of this model in appendix B. 
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values of m and m depend on the precise indices appearing on the left-hand side. The 
mass shell condition provides a relation between J, j and p M , as we review below. 

The notation tr refers to the fact that the operator in question has the same quantum 
numbers as the trace, but it is not precisely equal to the trace. Rather, it is a combination 
of the single-trace operator with multi-trace operators such as tr($ ll $ l2 )tr($* 3 • ■ ■ $ l 2j+2) 
Such a mixing occurs quite generally in holographic dualities such as the AdS/CFT cor- 
respondence, but usually one is only interested in the limit j <C k where the multi-trace 
contributions are negligible. In this paper we are not taking the large k limit, so the 
distinction is in principle important. When j ~ k it is known in various examples that 
specific combinations such as subdeterminants appear [ |5l~| - |5B| . The precise combinations 
of single and multi-trace operators that correspond to single string vertex operators in our 
case have been determined in [00. However, at the particular point in moduli space we 
will be working, the multi-trace components of ( |4.11[ ) will not contribute to the specific 



computations we will do in §5, §6, and we can treat these operators as single-trace opera- 
tors. We will normalize the expression tr such that it is equal to the single-trace operator 
with coefficient one, plus multi-trace operators. Thus, for the purposes of §5, §6 of this 
paper, one can replace tr — > tr in all expressions. 

The mass-shell condition for the vertex operator ( [4.11| ) reads 

Q 2 0-j)(j + j + l)=p 2 , (4-12) 

with the larger root j of this equation corresponding to the non-normalizable vertex op- 
erator. The statement of holography is that correlation functions of the vertex opera- 
tors ( [4.1 1 ) in the bulk theory correspond to off-shell Green's functions of the operators 



tr($ ll $ 12 • • • $ l 2j+2) j n the xjy completion of six dimensional super Yang-Mills theory pro- 
vided by LST. 



11 In different contexts it may be more natural to choose the single string vertex operators to 
correspond precisely to single-trace operators. It is well-known that different choices of contact 
terms in a worldsheet CFT lead to different parametrizations of the space of couplings [ pq| . We 
believe that with different choices of such contact terms we can change the multi-trace content 
of the operators ( [4. lip (which are related to couplings as described below) and go between the 
theory we describe here and the theory in which they are single-traces. 
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Another useful example of the correspondence is obtained by acting on ( [4 . 1 1| ) once 
with a chiral and once with an anti-chiral space-time supercharge in a way which creates 
a two- form operator (with polarization C^), 



C" [tr(F MV $ il $ i2 • • ■ ) + tr(A7 Mi , A$ 11 ■ ■ • ; 



(4.13) 

M.I' ' 

j + -^;m,m c 



On the left-hand side, A is a gaugino which transforms in the (4, 2) representation of 
Spin(5,l) x Spin(4); A transforms in the (4, 2). The RR vertex operator on the right-hand 
side is written for p^ = 0; the general form is more complicated (and will appear below for a 
special case). (SS&j SU ^)j + i. m ifh corresponds to the coupling of the spin fields constructed 
out of the worldsheet fermions '4>i,'4>2,'4>3,'4'<f> (and their antiholomorphic counterparts), 
which transform in the spin 1/2 representation of SU(2)l (SU(2)r), with the spin j 
operator <&j SU \ into an operator transforming in the spin (j + 1/2) representation. The 
spin fields S a and Sa transform as the 4 and 4 of Spin(5,l), respectively. 

To verify that the operators (|4.11|) , (|4.13|) are BRST invariant, as well as for our 



subsequent analysis, one needs to use the detailed structure of the CFT corresponding to 
the CHS background ([Op. We summarize some of the relevant results in appendix A. 



4-2. The moduli space of deformed ALE spaces 

As discussed in the previous subsection, to get a weakly coupled worldsheet description 
of ALE spaces or AS'S-branes, we must deform the singularity, or equivalently separate 
the A,S5-branes. In this subsection, we discuss the relevant deformation from the point of 
view of string theory in the CHS background ( fl.6| ). 

From the low-energy field theory point of view, we would like to give the scalars $ l 
(see ( pll) ) VEVs of the form 

($ i )=diag(0i,0|,-..,4) , (4.14) 

where 0^, i = 6, 7, 8, 9, n = 1, 2, • ■ • , k, is the location of the n'th A^S'S-brane in the i'th 
direction. Since the SYM potential is proportional to trf^ 1 ,^- 7 ] 2 , (|4.14j) are indeed flat 
directions of the potential. The AS'S-brane picture makes it clear that ( ^4.14| ) are flat 
directions even when the VEVs (j) % n are large. Since the low-energy gauge group is SU (k) 
(the "center of mass" U(l) is not part of the decoupled interacting theory) we will set 

En = 0. 
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How do we describe the VEVs ( [4 . 1 4j ) in the CHS background? The vertex opera- 
tors corresponding to chiral gauge-invariant combinations of the $'s are given in 
Adding the vertex operators on the right-hand side of (|4.11|) to the worldsheet Lagrangian 



corresponds, in the low-energy field theory, to adding the operators on the left-hand side 
of (|4.11| ) to the space-time Lagrangian. As is well-known in the context of the AdS/CFT 
correspondence ]56[ , if instead we want to give expectation values to the operators ( [4.11|) , 



we have to add to the worldsheet Lagrangian the normalizable versions of the vertex op- 
erators ( |4.11| ) , which are obtained by sending j — > —J — 1 in Thus, we are led to 
consider worldsheet Lagrangians of the form 

C = C + A j;m , s G_iG_i(#$W) i+1;m , ft e-W+^ , (4.15) 

where Cq is the Lagrangian describing the CHS background, G is the supercurrent defined 
in appendix A, and the couplings Xj-m,m are determined by the values of the moduli ( f4.14|) . 
Note that we have shifted the operator to the (0, 0) picture and that we have set the space- 
time momentum = 0, since we are interested in describing a condensate that is constant 
in space-time. 

The number of couplings \j ; m,m in QL15| ) is in general larger than the number of 
parameters determining the point in moduli space. Indeed, the former goes like k 3 for 
large /c, while the latter is equal to 4(/c — 1). Thus, it must be that in order to obtain 
a sensible worldsheet theory from (f4.15| ), one has to impose relations on the A's, which 
follow from the fact that they are functions of the (p l n ( [4.14j ) . We will see later an example 
of such a relation which is understood in the worldsheet theory. In general, the origin of 
such relations is not fully understood from the worldsheet point of view. 

Note also that adding the terms in (|4.15|) to the worldsheet Lagrangian does not 



modify the background near the boundary at </> —>■ oo, but as — > — oo, the new terms 
grow and regularize the divergence coming from the strong coupling region in the CHS 
solution. This is in agreement with the target space picture. Far away from the tip of the 
ALE cone, or from the locations of the AS'S-branes (but still in the near- horizon geometry), 
one cannot tell whether the singularity has been smoothed out or not. Upon approaching 



12 In the low-energy field theory non-chiral operators also obtain vacuum expectation values in 
the configuration ( [4.14 ). The corresponding vertex operators in string theory are not known, but 



they do not seem to play an important role for the purposes of this paper. 
13 The precise definition and meaning of these operators will be described in §5.2. 
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the singularity, one notices that the {<p l n } have been turned on, and the singularity has 
been smoothed out. 

Since the general case is complicated, we next (following @) restrict the discussion to 
a subspace of the moduli space ( [4. 14] ) , by restricting the iVS'S-branes to move in a plane. 
Thus, we denote 

A = $ 6 + z$ 7 , 

(4.16) 

B = $ 8 + z$ 9 , 

and keep (A) — while varying 

k 

(fl)=diag(&i,&2,-"A); $>n = 0. (4.17) 

71=1 

It is convenient to embed the SO(2)a x SO (2) b symmetries of rotations of the A, B planes 
as follows in the SU(2)l x SU(2)r symmetry of the CHS background. The generator of 
SO (2) A will be taken to be J^ ot - Jg*, while that of SO(2) B is J 3 tot + Jg*. The charges 
are normalized such that 

(J 3 tot + J 3 tot )(A)=0; (4 ot - Jl ot )(A) = 1 ; 

4.18 

( Jf t + Jtot )(jB) =1 . (J tot _ jtot )(jB) = 
Then, one finds that (at zero space-time momentum), 



(4 19) 

to(A l {B*)*+*- 1 ) <- e-^(#^) J+1 ._ i - 1+t ,. i _ 1 e^ , 
and in particular 

tr(B 2 i+ 2 ) <-> e^-^+^H-e^ = e"^" V^+^^-e^ . (4.20) 

We will also be interested later in the corresponding operators for ( |4.13| ). One has 

0+ +1 = C^tr(F^ +1 + fermions) <-> ^^"^^+^^7^ ^e^^+^'+^+^^^e^^ . 

(4.21) 

The field and the bosonized fermions H, H' , H and H', appearing in (|4.20| ) and ( |4.21|) , 
are defined in appendix A. 

In order to describe condensation of B, as in ( |4.17j ), we are led to study the perturbed 
worldsheet Lagrangian 

C = C + J2(^G_i 2 G_ 1 J+ij + ^;\e- Q ^+ 1 ^ + c.c.) . (4.22) 
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These perturbations are particularly nice, since the operators ?/;+^+$^ s ^.e _< 2(- 7 ' +1 ^ are 
chiral. Indeed, by using the form of the J\f = 2 super conformal generators G given in 
appendix A, one can show that 

G + (z)i; + ij + ^ ( j ^ j e- Q{j+1 ^(w) = regular as z ^ w , (4.23) 

and similarly for G + . Thus, one can think of the perturbations in ( j4.22| ) as turning 
on a worldsheet superpotential. A useful way of thinking about this is in terms of the 
decomposition ( [4.10Q . We have an infinite cylinder IR^ x Si, labeled by 4> an d Y, where 
Y is defined by 



4 ot = ^OY , (4.24) 

and Y is canonically normalized. Here, and in the rest of the section, we set a' = 2. 
SU(2)k/U(l) is an M = 2 minimal model, which can be described in terms of a Landau- 
Ginzburg superfield \i with superpotential 

W = X h ■ (4.25) 

In these variables, one can write 

^+^+^[ s ^.e~ Q(J+1) ^ = x k ~ 2 (j+ 1 ) e -Q(j+i)(4>-iy) _ x fc-2(j+i) e -Q(j+i)i> 5 ( 4 _26) 

where in the last step we have defined a chiral superfield whose bottom component is 
$ = — iY (following standard practice, we will denote both the superfield and its bottom 
component by $, and similarly for x). The Lagrangian ( |4.22|) can be written as 
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(4.27) 



One can use the correspondence (|4.20|) to relate the {Xj} to the locations of the k NS5- 
branes in the S-plane: 

A, ~ (fr(S 2 ^ 2 )) . (4.28) 

While the structure of the theory on the full moduli space labeled by {Xj} Q4.27|) is of 
interest, and can probably be analyzed using our techniques, we will further specialize to 
the subspace of moduli space corresponding to iV,S5-branes which are equally spaced on a 
circle in the S-plane of radius ro, 

b n = r e 27Tin/k . (4.29) 
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At this particular point in moduli space, tr(B ) = for all I < k, so all the possible multi- 
trace terms, such as tr(B l )tr(B k ~ l ) vanish, and there is no difference between evaluating 
the VEVs of the operators tr(B ) defined in Qlllp and the ordinary single-trace operators 
tr (£?'). In this case we have, using Ql28| ), 



Xj = , (4.30) 

with 



li ~ A , (4.31) 

and the deformed ALE space is described by ( f4.2| ) . The worldsheet theory QL27|) simplifies 
in this case, since the perturbation decouples from the M = 2 minimal model: 



£ = Co + I fi J d 2 ee~^ + c.c.J . (4.32) 

The resulting worldsheet theory is M = 2 Liouville times an M = 2 minimal model (with 
a Zfc identification (|4.10| )). The exponential superpotential cuts off the strong coupling 
divergence of the string coupling g s as <fi — > — oo. 

It is known that Af = 2 Liouville is equivalent as a CFT to the coset SL(2)k/U(l), 
which describes string propagation on a cigar of asymptotic radius \p2k [|B| j57l , [^|59| . In the 
cigar description of this theory, the strong coupling region — > — oo is excised altogether, 
and as long as g s at the tip of the cigar gi Up ^ (which scales as ^i _1 / fc ) remains small, the 
theory is weakly couple 

In fact, the space-time point of view on the deformations (|4.15|) sheds interesting light 



on the duality between the Af = 2 Liouville and cigar CFTs. In our discussion of the 
condensate QL29|) we focused on the expectation values of the chiral operators tr(S 2j+2 ), 
but the VEV Q4.29| ) leads to non-zero expectation values of other chiral operators as well. 
For example, the chiral operator tr (BB* — AA*), which is a special case of the right-hand 
side of (pTl) , has a VEV: 

(tr(BB* - AA*)) = kr 2 . (4.33) 
According to the dictionary (|4.11|) , ( f4.15| ) , this corresponds to turning on the perturbation 

5C ~ krlG_ iG_i V^e" ^ + c.c. , (4.34) 



14 Recall that the string coupling is largest at the tip of the cigar. 
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in the worldsheet sigma model. This perturbation is well-known to be the leading term in 
the expansion of the metric of the cigar around <fi = oo, the region far from the tip. The 
higher order terms in that expansion correspond to VEVs of higher order chiral operators, 
involving higher powers of (BB*) and (AA*). 

Thus, we see that from the space-time point of view, both the cigar and M = 2 
Liouville perturbations are present in the worldsheet Lagrangian corresponding to fl4.29Q , 
with related coefficients. For some purposes, one can focus on the superpotential terms 
( |4.27|) ; for others, the cigar picture (including Q4.34j )) is more useful. In general, both have 
to be taken into account. The relation between the two deformations will become clearer 
when we discuss relations between normalizable operators in the next section. All this ties 
in nicely to the worldsheet analysis of these theories. For example, the relation between 
the Liouville and cigar perturbations was determined in [[58] . 



At the special point in moduli space that we are now discussing (|4.29[) , the throat 
CFT becomes g7| 

(SL(2) k /U(l) x SU(2) k /U(l))/X k . (4.35) 

The wrapped D2-branes discussed earlier in this section correspond to D-branes localized 
near the tip of the cigar, times various D-branes in the M = 2 minimal models Their 
mass is proportional to r and satisfies 

M w ~ > M s . (4.36) 

9 s ' 

They are heavy non-perturbative objects in the limit we are studying, as indicated in 
equation ( [L36|) . 

4.3. Vertex operators in the (SL(2) k /U(l) x SU(2) k /U(l)) j1L k background 



In order to calculate correlation functions in the deformed background (|4.35|) , one has 
to know what the different observables of string theory on the CHS background, discussed 
above, correspond to upon the resolution of the singularity. This can be understood 
using standard CFT techniques. For example, the vertex operator of tr(£? 2j+2 ), ( |4.20|) , 
corresponds in the deformed background ( |4.35| ) to 



i(H+H)fa(su) Qjcj, v (su,susy) v (sl,susy) ( A V7\ 
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where Jy.^ m* is a primary in the Af = 2 minimal model with dimension and R-charge 



A = A= + R = R= Jjn^ {m 



while Vj S ^ s ^ v ^ is an Af = 2 primary in SL(2)k/U(l)] it has 



A = A= m2 -f + 1) ; i? = i?=^. (4.39) 
k k 



Similarly, for the RR operators (|4.21|) one has 



e ±(H+H'+H+H')^ eQj4> ^ v (su,susy)( RR ^ +) V j^ SUSy \RR, + ) , (4.40) 



where V^ S ^^ SV \RR, ±) is a RR sector operator in the Af = 2 minimal model; it has 



_ 1 j(j+ 1) - (m± i) 2 - 1 2m ±1 . 
A=A=-+— — R = R = ± , (4.41) 



8 fc 2 k 



while K ( l' SUS2/) (i?i?,±) is a similar object in the cigar CFT, which has 



- 1 j(j + 1) - (m± ±) 2 - 1 2m ±1 , 

Thus, vj sn ! su (RR, +) has dimension A = i — -k- and corresponds to a RR ground state 



in the Af = 2 minimal model (which has c = 3 — |). Similarly, Vj S j'j U (RR,+) has 
dimension A = ~ + ^ and corresponds to a RR ground state of the cigar CFT. 

As we will see in the next section, in our analysis we will also need to use operators 
whose asymptotic form for large <fi is 



e ^(H-H'+H-H')^(su) e Qj^ Qr e !(ff-ff'+5-5')$(.^) e Q(-j-l)0 _ / 443 n 
3 1 3 1 3 3 j 3 1 3 ^ ' 

In the deformed background ( [4.35|) , they correspond to 

e | { H-H' + H-H')q(su] ) qm ^ {s u susy) { isl s us y ) _ } 

JiJiJ JiJ-iJ JiJi-^jJi- 1 - v / ^ /I /| \ 

e 4(H-H'+fi-fi')$(f«) e O(-J-i)0 <_> v} s ^ susy \RR, +)V^ l ^ 1 j+1 (RR, -). 

JiJiJ JiJiJ J *-iJ \ x iJ \ x 

The operator V^^l^^j - +l (RR, — ), whose precise definition will be discussed in §5.2 be- 
low, has the same dimension as the operator V^' su +), and also corresponds to a 
ground state of the cigar CFT. 
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It is sometimes useful to bosonize the Af = 2 minimal model, by using its description 
as a product of a bosonic SU(2)/U(1) (parafermion) theory and a compact canonically 
normalized scalar field (which we will label by P) . The NS-NS sector M = 2 primaries 
can be written as 

v (su,susy) v (su) ia m P (a 4 r\ 

v j;m,m y j;m,m c ' \^ : - H: ' J J 

where is a primary in the parafermion theory whose dimension is given by 

A(V {su) ) = A(V {su) ) = - , (4.46) 

and 

a m = . . (4.47) 

Indeed one can check using ( |4.38|) , ( |4.45|) and (|4.46|) that 

Note that a m is related to the R-charge of the _ as follows: 



«<»> = -o^l -§ = -£. (4.49) 

In fact, the scalar P can be thought of as a bosonized version of the U(1)r current of the 
SU(2)/U(1) SCFT. In the RR sector one has 



vjZ:r V) (RR, ±) = vjZle^ p , (4.50) 

where 

a± = 2mT ^~ 2) . (4.51) 
One can check using (|4.41|) , (|4.46|) , (|4.51j ), that 



The relation between the R-charge of the operator V^' susy (RR, ±) and the P charge a^j 
is again (as in ( f4.49| )) 



fl ± (~) = -a^/! - I = ±1 - . (4.53) 
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A useful relation between the (RR, +) and (RR, — ) operators is 



v}£ZrHRR, +) = v& s ™% +m! ^ + JRR, -) • (4-54) 

This reflection property follows from (f4.51| ) and from the well-known |H| property of the 
parafermion theory 

V j-Zm = V h^-j ; _^ +m ,_^ +m - ( 4 - 55 ) 

Similarly, it is sometimes useful to separate the M = 2 cigar CFT into a bosonic 
SL(2)/U(1) theory times a scalar field. To generalize the above construction to 
SL(2)k/U(l), one simply has to take k — > —k and j — > — j — 1 in all formulae. Some 
of the correlators of the bosonic SL(2)/U(1) theory are described in appendix B. The 
analog of equation ([154]) is now 



v}%2 SV \RR>+)^V^r SV L+ fe+2+ (RR,~). (4.56) 
It can be derived by bosonizing Af = 2 SL(2)k/U(l) in terms of bosonic SL(2)/U(1) and 



a free boson and using [|63|J64 



The expressions ( |4.56[) , (|4.57|) should be understood as statements about the normalizable 
states in the theory (which we will discuss in §5.2). For appropriate values of j for which 
the normalizable states exist, the left-hand side of ( |4.56[ ) is equal to the right-hand side up 
to a ^'-dependent multiplicative factor. 

4-4- Analogy to conifold 

This subsection lies somewhat outside the main line of development of the paper, 
and can be skipped on first reading. Its main purpose is to point out the analogy of 
the foregoing discussion to another familiar and well studied system - the conifold, where 
again, the coefficient of a term in the effective action which is protected by supersymmetry 
has different interpretations in different regimes. 

On the geometrical side, the analogy involves replacing the ALE singularity of K3, 
described (after deformation) by (|4.2| ), by the deformed conifold singularity of Calabi-Yau 
manifolds 

z\ + z\ + z\ + z\ = fi . (4.58) 
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Equation ( 4.58 ) describes a conical singularity, in which a shrunken S 3 has been blown 



up to volume ~ fi. A D3-brane wrapped around this S 3 gives a hypermultiplet of mass 
M H ~ fj,/g a . 

One can also realize Q4-58 ) in terms of a T-dual AS'S-brane system, by studying two 



AS'S-branes which intersect on a 3 -f- 1-dimensional space. For example, one can take one 
of the AS'S-branes to span the directions (x , x 2 , x 3 , x 4 , x 5 ), and the other to be extended 
). The intersection of the two AS'S-branes is the three dimensional 
space labeled by (x 1 ,^ 2 ,^ 3 ). Denoting x 4 + ix 5 = v , x 8 + ix 9 = w, the deformation 
( |4.58|) corresponds in the AS^-brane language to studying a AS'S-brane with worldvolume 
vw = fl. 

The analog of the tgF 4 ' term discussed in this paper in the case of the conifold is 
the kinetic (F 2 ) term of the RR gauge field, under which the hypermultiplet coming from 
the wrapped £>3-brane is charged. Its coefficient, which is related by Af = 2 space-time 
supersymmetry to the metric on moduli space, goes as fx — ► like log \i. This behavior has 
different interpretations in different regimes. 

When the mass of the hypermultiplet Mh -C M s , one understands the log/U as a 
consequence of integrating out at one-loop a light charged hypermultiplet in the low energy 
M = 2 Abelian gauge theory of the RR gauge field []65| . This calculation can also be 



thought of as a one- loop calculation in the S-dual heterotic string ||3 1 . 

When the mass of the hypermultiplet Mh 3> M s , the same behavior arises by studying 
the perturbative string theory in the deformed conifold background. Similar arguments to 
those reviewed earlier in this section, lead in this case to the background 

R« x , (4.59) 

or, equivalently, IR 3 ' 1 x (Af = 2 Liouville) with superpotential (Q 2 = 2/k = 2 in this case) 

W = Lie~^. (4.60) 

The string coupling at the tip of the cigar is 

1 M H 



(«p) M s 
ys s 



> 1 , (4.61) 



such that the string theory ( |4.59| ) is weakly coupled in this limit. 
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The metric on moduli space is given by the two-point function of the modulus corre- 
sponding to changing \x: 



This is a bulk amplitude in the sense of Liouville theory (see e.g. [^6| for a discussion). It 
can be computed using standard techniques, and one finds, 



G = -log 



(4.63) 



where A > /i is a UV cutoff, and the origin of the log is the "volume" of the Liouville 
direction, from the wall provided by the superpotential ( |4.6U[ ), or the tip of the cigar, to 



a cutoff <pQ ~ log A far from the wall. In other words, the origin of the log/x behavior in 
this limit is in the continuum of perturbative string states living in the long throat that 
develops when Mh is much smaller than Mpi anc k. Note in particular that the logarithmic 
contribution that arises at one- loop for Mh <C M 8 , is a tree level effect for Mh M s . 

Clearly, the situation on the conifold is similar to the ALE case discussed here. Our 
case is more complicated, both because we are considering a larger class of singularities, 
which can be thought of as analogous to generalized conifolds, 

z\ + 4 + z\ + z\ = n , (4.64) 

and because in six dimensions we are led to study four-point functions rather than two- 
point functions (since we would like to compute F 4 terms rather than F 2 terms). 



5. Correlation function computations 

In this section we will compute the t%F A terms in the low-energy effective action 
of Ak-i LSTs in the regime Mw 3> M s discussed in §4. To do this we will study the 
appropriate correlation functions of the gauge-invariant operators Q4.13Q . 

As mentioned above, we are mostly interested in performing computations at a specific 
point in the moduli space of the LST where the VEVs of the scalar fields in the low-energy 
SU(k) gauge theory are given by (|4.29| ) 

(A) =0, 

5.1) 

(B) = r diag(e 27 "/ fc , e^'\ • • • , e 2 ^*" 1 )/*, 1) . 
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Recall that we have set M s = l/y/2, and that the theory is weakly coupled when r$ is 
much larger than the string scale and Myy oc r obeys My^ ^> M s . We will focus on the 
operators 

0+ +1 = C u tr(F^B 2j+1 + fermions • B 2j ) , (5.2) 
and their complex conjugates 

0" +1 = Q^tx{F^{B*yi +l + fermions ■ (B*) 2j ) . (5.3) 

We will not be careful about the precise form of the fermionic terms in these operators 
since they will not contribute at the leading order in M s /M\y ~ g s to the correlation 
functions we will compute. 

The form of the Ramond-Ramond vertex operators corresponding to the operators 
( | . 2|) with zero momentum in IR 5 ' 1 in the CHS theory is given by ( f4.21| ). We will need the 
vertex operators at non-zero momentum p M ; these take the form (in the CHS theory, or in 
the resolved theory for large 4>) : 

v QU+j+iy 1 )aPp c A Qu+j+ir )aPa c A 

(5.4) 

where J is the larger of the two solutions to the mass-shell condition 

Q 2 0-J)(J + J + 1)=P 2 • (5-5) 

@2j+l ( w hh momentum (— is the complex conjugate of O^j+l ( w hh momentum p^). 
We will begin in §5.1 by computing the two-point functions of these operators, in order to 
verify that their low-energy behavior is the same as that expected for the LST operators 
@2j+i ( U P t° normalization). This will lead us to a discussion of amputated (normalizable) 
versions of these operators in §5.2. Then, in §5.3-§5.5, we will analyze the four-point 
functions of these operators, first in the general case and then for particular values of the 
j's for which the computation simplifies. 
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5. 1 . Two-point functions 



In order to verify the operator identifications described above, we wish to compare 
the two-point function of the operators (|5.2| ), (|5.3| ) {02j+i®2j+il m the low-energy field 
theory to the string theory expectation value {O^j+iO^j+i)-* a ^ leading order in the string 
coupling (or, equivalently, in 1/ro or in M s /Mw)- We expect that the two will be identical 
up to a normalization which we have not determined above, and which will be fixed by the 
following computationslll. 

Let us start by discussing the correlator in the low-energy field theory. The maximal 
power of ro arises if we replace all the S's in (|5.2|) by their VEVs (|5.1|) and contract the 
two gauge fields. The fermionic terms give rise to lower powers of r$ so they will not be 
relevant. Multi-trace contributions involve factors of tr((B )) with / < k, which vanish at 
this point in moduli space. If we normalize the Abelian gauge fields in the low-energy field 
theory to obey (A^(p)A u (—p)) = n^ v /p 2 (in Feynman gauge), we find at leading order 



(tr(F fIU B 2 i+ 1 )(p)tr(F,,„,(B*) 2j+1 )(-p)) = 

, (5-6) 

i2 



(tv(B 2j+1 (B*)^ +1 )) ± it - V -l 



p- 

where (tr(B^ +1 (B*)^ +1 )) = kr 2 {2j+1) . 

We next turn to the two-point function in type IIB string theory. The operators 
were written in the (—1/2, — l/2)-picture, so in order to compute their two-point function 
on the sphere we need to either shift them to another picture or add another operator in 
the (—1, — l)-picture0. We will use the former method. Using the fact that the picture- 
changing operator is given by (G(z)e (p (z) + ghost terms) and the form of G from appendix 
A, we find that the form of 6} j+1 in the (-3/2, -1/2), (-1/2, -3/2) and (-3/2, -3/2) 



15 In fact, as shown in |54|j , the string theory computation described below receives also con- 
tributions that do not come from the low energy gauge theory. Fortunately, the gauge theory 
contribution differs from the string theory amplitude by a multiplicative j-independent constant 
(which is determined in ||54j| ). Since in this paper we focus mostly on the j dependence of the 
amplitudes, this will not affect our final results. 

16 For example, by differentiating the two-point function with respect to the coupling u, ( [4.32 ). 
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pictures is given by the following expressions^] (at large cf>): 

^2j + l S e 1^ ^3\3,3 

„ -±H' 1 ( o „4#' 



/Q+ — ^p-l^-l^^oOpi H+iRfo(su) Qj<f> i p . x 




(5.7) 



Q(i + J+i) / \Q(j + j + i) 



2 



with J related to j as in (|5.5| ). The expressions for are the complex conjugates of 

these. Note that the situation with Ramond-Ramond vertex operators here is different 
than in flat space-time. There, the (—1/2,-1/2) picture vertex operator corresponds to 
the field strength of the RR gauge field, while the (—1/2, —3/2) and (—3/2, —1/2) picture 



vertex operators correspond to the gauge field ||39|| . Here, the vertex operators in all 
pictures correspond to the gauge-invariant operators flL13| ). 

Consider e.g. the two-point function of O^j+ii with space-time momentum p M and 
"Liouville momentum" ji, in the (—3/2, —3/2) picture (last line of (|5.7|) ) with with 
space-time momentum (— p^) and "Liouville momentum" J2 = Ji = 3, in the (—1/2, —1/2) 
picture ( |5.4| ). It is useful to start by analyzing the scaling and conservation laws of this 
two-point function using the description of the theory as an TV = 2 Liouville theory times 
a minimal model, as described in the previous section ( |4.32|) , (|4.35|) . 



The correlator in question scales with the Liouville coupling \x as follows: 

(Ot J+1 O w ) ~ . (5.8) 

The scaling exponents a, b can be determined by using the symmetries. Momentum con- 
servation in the Y directionlll leads to the condition a = 6, since the contributions of the 
operators O^j+i cance l (they have opposite J\ ot charges). By looking at the momentum in 
the <p direction, taking into account the background charge of this scalar on the sphere, we 



17 One can write these vertex operators in other, BRST-equivalent, ways. 

18 Using (14.24) , and noting that J^ ot (0 2 i+i) = j + §. 
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find that Qji + Qj 2 — -^(a + b) = —Q, or a + b = 2(ji+j 2 + l)/k. At low momentum J~ j 
and we get a = b ~ (2j + l)/&, meaning that the correlator scales as (fifl)~ 1 i~ ~ +1 \ 
just as we found in the field theory (|5.6|) . 

Next, we look at the momentum in the W direction (a similar analysis holds for 
H'). Since a = 6, the Liouville interactions do not contribute to this, and 2 j + i in the 
(—3/2, —3/2) picture goes like e~^ H , so we only get a contribution from the term scaling 
as ei H in the operator 2 j +1 - 

Now, we are ready to compute the two-point function. As usual in theories including 
SL{2) /U(l), we fix the positions of the two operators, and the additional zero from dividing 
by the volume of the conformal Killing group of the sphere with two punctures is canceled 
by an infinity due to integration over bosonic zero modes in the SL(2)/U(1) CFT. This 
infinity is reflected in the factor 5(ji — j 2 ) in the SL{2) two-point function (see equation 
(B.19) in appendix B). The ratio of the two infinities is a j dependent constant that is 
determined in |)7[ and in appendix C. 

The ghost contribution to the two-point function is one, and using the fact that 
S a (z)Sa(w) ~ i] a a/(z — it;) 3 / 4 we find that the IR 5 ' 1 contribution (including both left- 
movers and right-movers) is 

U£„ ^ + 2 J+ ^ tr^VT^V^p = 

Uv n4rx 8 . x1 u [2(r? w y/ ± (/a - v, \* » ^)) +P 2 p (v u »'r u ' ~ rT'rT')] ■ 

(5.9) 

The same answer arises if we make different choices for the pictures of the two operators. 

To compute the "throat" contribution, we use a decomposition similar to (|4.44 ). In 
the SU(2)/U(1) theory we have a two-point function which is normalized to one in the 
conventions that we are using. We are left with a two-point function in the supersymmetric 
SL(2)/U(1) theory, which (using the decompositions of §4.3) is equal to a two-point func- 
tion in the bosonic SL(2)/U(1) theory involving (V-*^ j +l V^-_ l with J related 
to j and the momentum as in ( |5.5| ) . Two-point functions of this type were computed in M 
and references therein, and were found to have a pole at zero momentumll!. At this stage 



19 Additional two-point functions, which are not supposed to have poles in the low-energy field 
theory, were also found to have poles in pL We will not discuss this issue here; in this paper we 
will limit ourselves to operators for which this problem does not arise. 
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we will find it convenient to change the normalization of the operators (|5.4|), (|5.7|), so that 



(si) 

as described in appendix B, they are proportional to Vj-j+ij+i rather than to V-.j^_ 1 j +1 , 
where V is the SL(2)/U(1) reduction of the SL{2) operator $ discussed in appendix B. In 
this normalization, and taking into account the results of appendix C on the normalization 
of two-point functions in string theory on SL(2), we find the following low- momentum 
(I ~~ *■ j) behavior^ 



fe+ij+l Vn- -j- 1, - j- 1) 



i f2j + i\ r(-2j-i)r(j-i)r(2+j + j) 



TV 



7: ' ' k J- 1(2., ■ 2)T( j , lira • 1 j) 

2 . ( 5 - 10 ) 



i 2j + iy i 



7T \ k J p 2 

Putting everything together, we find two terms. The second term in ( |5.9| ) gives a 
contribution scaling as a constant at low momentum, which is presumably non-universal 
and corresponds to a contact term in space-time. The first term in ( |5.9|) , together with 
( |5.10|) , gives a contribution which is precisely proportional to our expected answer (|5.6|) : 

Comparing to ( p.2| ) , (|5.3| ) , ( |5.6| ) , we see that the relation between the gauge theory opera- 
tors 2 j+i and the string theory operators 2 j + i is (for small p 2 ) 




0% +1 - r^(2j + l)y T Of j+1 . (5.12) 

5.2. Amputated correlation functions and normalizable operators 

Correlation functions of non-normalizable vertex operators in holographic back- 
grounds correspond to correlators of local operators in the dual theory (in this case a 
LST). Because of the momentum dependence coming from the propagator (for example 
in ( |5.9| )) these turn out to be somewhat complicated; this problem occurs also in other 
correlation functions of these operators, such as their contractions with the tgF 41 vertex 
( p.lO|) discussed above. It would be nice if we could study some other class of operators 



20 Here and below, in our SL(2)/U(1) computations fi ( f4,32| ) is fixed to a particular value, and 
a particular normalization is chosen for the SL(2)/U(1) operators. These choices are implicitly 
specified by the values of the two- and three-point functions in appendix B. As we discuss in the 
text, the overall power of \i in each correlation function can always be reinstated by a KPZ-type 
scaling analysis. 
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whose correlation functions would give us directly the amputated correlators in the dual 
theory. Such amputated correlators are related to the S-matrix in the dual theory, which 
is another reason to be interested in them. 

Luckily, there is a simple way to get such amputated correlation functions in holo- 
graphic theories. Generally, the non-normalizable modes in such theories are related to 
insertions of local operators, while the normalizable modes are related to states created by 
these operators. In conformal theories there is a precise state/operator correspondence, 
but in general theories there is no such correspondence, and we expect that an operator 
@i{Pu) would create (on-shell) states in the theory for (one or more) specific values of p 2 . 
Indeed, the two-point functions of operators like the ones we discuss here were found ||[7| 
to have a series of poles which may be interpreted as corresponding to such states. For 
the appropriate values of p 2 , we expect to have normalizable operators which create these 
states, and the correlation functions of the normalizable modes should give us directly the 
S-matrix for scattering states of this type, without the "external" propagators discussed 
above. One way to define these amputated (normalizable) operators is by looking at the 
limit of the non-normalizable operators as their momentum approaches a pole in the two- 
point function (which behaves as l/(p 2 + M 2 )), multiplied by {p 2 + M 2 ) (in order to cancel 
the "external" propagator) ; obviously this definition only makes sense when the amputated 
operator is on-shell. 

In the CHS background, one cannot meaningfully talk about normalizable operators, 
since they would necessarily be supported in the strong coupling region. This is connected 
with the fact, mentioned after ( 4.15 ), that naively one would have of order k s independent 
normalizable operators, while we know that when we go on the moduli space only 4(k — 1) 
combinations of them make sense. To have a well-defined notion of normalizable operators, 
we need to resolve the singularity, e.g by the deformation ( |4.32| ). We next discuss the 
normalizable operators for the resolved background. 

In theories like the one we are discussing here, the non-normalizable operators involve 
vertex operators of the type Vj- m; rh in the bosonic SL(2)/U(1) CFT (when we use the 
decompositions of §4.3), where J is the larger root of the mass-shell condition (|5.5|) ; they 
behave for large (j) as e®^. As we mentioned in §4, we expect the normalizable operators 
to have a similar form but with the dependence on <f> being instead (for large (f>) ^ 
where j' = —j — 1 is the smaller root (instead of the larger root) of (|5.5| ). These operators 
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can be denned by studying the limit of Vj ;mjm as one approaches a pole of the two-point 



function. For generic j, the expansion of Vj- m , m at large <j> has the form (see e.g. [[58]]) 

V 3 ;m,m * o(J, m)e iQmY (e™ + C(j, m) e -«^" +1 ^ + • • •) , (5.13) 

where a(j, m) is an overall normalization factor^ and C(j,m) is related to the two-point 
function given in appendix B (equation (B.19)). As we approach a pole of the two-point 
function, for example at j = \m\ — 1, C(J, m) blows up, and the second term in ( |5.13j ) 
becomes much larger than the first. We can define a normalizable operator as follows: 

V-\ m \;m,m= lim (J- H + l)Vj- m ,m ■ (5.14) 
J— >|m|-l 

This operator behaves at large (j) like e~^^ +1 ^ = e~^ m ^ . Thus, it is indeed normalizable; 
it creates from the vacuum the state with the relevant quantum numbers. 

Using these normalizable operators in the bosonic SL(2)/U(1) CFT and the decom- 
positions discussed in §4.3, we can construct normalizable versions of the operators ( |5.4|) . 
Using the decompositions ( |4.40|) , (|4.44|) , it is easy to see that the terms in O^j+i scann g 
as ei H or ei H in ( |5.4j ) vanish in the limit ( |5.14| ), and we are left purely with the terms 
scaling as e~^ H \ 

The correlation functions of the normalizable versions of ( |5.4|) constructed using ( |5.14| ) 
compute the amputated correlation functions in the LST, which are directly related to the 
S-matrix. In the next subsections we will use them to compute the t^F 4 term in the low- 
energy effective Lagrangian of LST. Similarly, we can construct normalizable versions of the 
operators ( ^.11| ), which we already used in our constructions of the deformed worldsheet 
Lagrangians in §4.2. 

In the low-energy SYM theory, acting on the vacuum with the operators (5.2), ( |5.3j ) 



creates various linear combinations of single-particle states of the (k — 1) massless gauge 
bosons corresponding to the Cartan subalgebra of SU(k), with coefficients obtained by 
replacing the S's in the definition of the operators by their VEVs. At the specific point in 
moduli space we are interested in, ([54]), the operators @2j+i an< ^ ®k-2j-i crea te precisely 
the same combination of massless gauge fields (up to an overall constant) . Thus, we expect 
that in string theory, the normalizable versions of these operators ( |5.4j ) should be the same 
(up to a constant). 



21 This appears because we are using the operators V rather than the operators (defined 
in §4.3), which have the same form with a(j,m) = 1. 
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Indeed, the reflection properties of the SU(2)/U(1 ) and SL(2)/U(1) vertex operators 
discussed in §4.3 lead to precisely such a relation. The reflection symmetries (|4.54| ), (|1.56[ ) 
imply that the non-normalizable operators (in the normalization we used above) obey the 
relation 

02 i+ i = k TTTT 7 1 O+i (5-15) 



near the massless pole in their correlation functions. This follows from the equality (up to 
a constant) of the corresponding normalizable operators. This provides one more check of 
the correspondence between the string theory and field theory analysis. At other points in 
the moduli space (away from the origin) there are still relations between the normalizable 
operators corresponding to the +, s and 0~'s, but they are more complicated than ( |5.15| ). 

5. 3. Four-point functions - generalities 

In the remainder of this section we will compute the four-point function of the oper- 
ators ( |5.4j ), for small energies and momenta, in type II string theory. In the next section 
we will compare these results with the heterotic (or low-energy field theory) computations. 
We will discuss only the four-point functions of the operators ( |5.4| ) which include the scalar 
field B but not the scalar field A in the low-energy field theory. Note that the operators 
( p.4| ) are already in the right picture to have a non-vanishing four-point function. 

We start by analyzing the selection rules for obtaining a non-zero result and its scaling 
with /x, ft. Consider the four-point function of the operators C^+i O ) with i = 1,2, 3, 4, 
on = ±. Assume that this correlator is non-zero and scales as 

4 

(JI^S+iWV. (5-16) 

i=l 

First, we impose y-momentum (or J^ ot charge ( [4.24] )) conservation. The operators O^j+i 
behave as e l< ^ a ( J+1 / 2 " )y . Taking into account the ^-dependence of the Af = 2 Liouville 
interaction ( f4.32| ), we have 

$7^^ + ^)-^( a - 6 ) = ' ( 5 - 17 ) 



or 



a-6 = ^^-U. (5.18) 



k 

i 
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Next, we impose H' momentum conservation (for left or right- movers). The Liouville 
interaction carries charge (a — b) . The non-normalizable vertex operators (|5.4| ) have two 
terms, one that goes like p Q p e lH ai ^ 2 and a second one that goes like p p e~ tH a i/ 2 . if we take 
the p° p terms from all four operators, we get the sum rule 

a 



a — 



Clearly, if all ai have the same sign there are no solutions of ( p.!8| ) and ( |5.19| ), so this 
contribution to the amplitude vanishes. This is consistent with the field theory analysis, 
since the contraction of four operators involving F^ v with the vertex ( |2.10| ) in free field 
theory actually involves eight factors of momentum p p . Therefore, one expects the tsF 4 
term we are after to arise from the term that goes like p p e~ lH oli l 2 in each of the four 
vertex operators ( |5.4j ) (times another term of the same form from the other worldsheet 
chirality). Using these terms, the H' sum rule takes the form 



a 

a 



■ = Et- <5 ' 20) 

i 

Combining (|5.18|) and (|5.20|) we see that up to permutations and complex conjugation, 
there are three distinct possibilities for the values of («i, «3, ct-O, and in each case we 
get one condition on the j's for obtaining a non-zero correlation function : 

(«i, a 2 ,« 3 , a 4 ) = (+,+,+,+); ji + 32 + 33 + 34 = k - 2; a - b = 2, 

k — 2 

(ai, a 2 ,a 3 , a 4 ) = (+,+,+, -); ji + j 2 +33 ~ 34 = — ^— ; a- 6 = 1, (5.21) 

(ai,a 2 ,a3,a 4 ) = (+,+,-,-); ji + 32 - h ~ 34 = 0; a -6 = 0. 

Note that the different cases are related by the reflection property (|5.15|) . To go from 
the first line to the second, one takes 34 — > — j±\ to go from the second to the third, 
33 -> ^ -33- 

Finally, we can find the total power of ro (or /x, ( f4.31|) ) associated with the four-point 
functions (|5.16| ), by using KPZ scaling (in 0), which gives rise (in the low- momentum limit) 
to the sum rule 

1 . 2Y^ ji+2 

Recalling that ro oc \fi\k we conclude that the four-point function scales like r Q 

This is in agreement with the field theory expectation. Indeed, we expect a factor of 
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_ 2 _ 2 2Y\ji+4 

M w oc r from the vertex ( |2.10| ), and a factor of r 1 from the expectation value 



of B in (|5.2|) , (|5.3|) . In §6 we will see that the selection rules (|5.21|) are also in agreement 
with the field theory analysis. 

We still need to compute the correlation function ( |5.16| ) in cases when the selection 
rules ( |5.21| ) are satisfied. In order to compute the four-point function (|5.16| ) in string 



theory we have to integrate over the position of one of the four vertex operators. Before 
performing this integration, the amplitude splits into two parts: a simple part involving 
the kinematic factors and the expectation value associated with the free fields on IR 5 ' 1 , 
and a non-trivial part associated with the directions transverse to the iVS'S-branes. 
The correlation function of the Spin(5, 1) spin fields is given by 

(SMS h (l)S 6 (oc)S d (z)) = e. h&d [z(l - z)]-* . (5.23) 

Using this equation and 7 matrix identities one can show that the kinematic structure of 
the four-point function (|5.16| ) at low momentum is precisely what one would obtain in field 
theory by contracting four operators of the form (|5.2|) , (|5.3|) against the vertex ( |2.10|) . Due 
to the non-trivial kinematic factors one must compute the four-point function at non-zero 
momentum, and send the momentum to zero at the end of the calculation. 

As mentioned above, the kinematic structure is complicated by the presence of the four 
external leg propagators. The discussion of the previous subsection suggests a nice way 
to simplify the calculation. By going to the poles as a function of the external momenta, 
and computing the residue of the poles, as in (|5.14|) , one finds that the amputated F 4 



amplitude is proportional to the four-point function of the normalizable versions of the 
vertex operators (|5.4j), which for large <p behave as 



Oj+i =*UJ + l)C^e-^-i^ a 5 a ei( M '+ 5 - 5 ')^e-«^, 
2 - +1 =a(j, -J ~ l)C^7>-**-*^ e4^-^ . 

Here we have already taken the zero momentum limit; this limit is non-singular for the 
amputated amplitude. In ( 5.24 ) we chose to normalize the amputated operators such that 



their asymptotic form at large <p is similar to that of the non-normalizable operators but 
with a different exponent of <p. This is not the same as the naive normalization of the 
amputated operators, in which we simply remove the external free field propagators from 
the operators (p.4|). If we define "naive amputated operators" O^j+i J us ^ removing 
these external propagators, then the two-point function of such an amputated operator 
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with a non-normalizable operator at p 2 = would be the same as ( |5.11 ) but without the 
momentum dependence, or 

((®2j+l) amputated ' ^2j+l) = -\- 1)2 C^C" • (5.25) 

By following through the computation of an amputated four-point function, one can show 
that 

(n(% + l)a mP utate d > = (fl (- Q2 (2 ^ +1) 2 ' ^ + V ' 6 S+l)>. (5-26) 



where the first factor comes from the explicit factors in (|5.4| ), while the second is due to 
( |5.14|) and the fact that the mass-shell condition (|5.5| ) implies that near the pole at j = j , 
1/(J — j) = Q 2 (2j + l)/p 2 - Thus, we see that the amputated version of O^j+i * s 

amputated = '^fH ^ 1 ' ^ 



and using (|5.25|) we obtain 



(6t J+1 ■ o~ 23+1 ) = -^-^C^C • (5-28) 



In fact, one can simplify the four-point function even further, by using ( |5.23|) and the 
identity 

t8CiC 2 C 3 C4 • (5.29) 

Roughly, this means that we can remove the 7 matrices and polarization tensors from 
( |5.24|) , and the e tensor from (|5.23| ), and the resulting amplitude will compute the object 



that we are interested in - the coefficient of ts-F 4 in the vertex ( 2. ICQ , written in terms of 



the variables (|5.2|) , ( |5.3|) . In the next subsection we will make this more precise. 

5.4- Relation to Af = 2 strings 

In the previous subsection we have seen that in order to compute the coefficient of 
tsF 4 in the low-energy effective action of LST we have to evaluate the four-point function 
of the normalizable operators (|5.24|) , removing the kinematic parts which refer to M 5 ' 1 . 

An elegant reformulation of the problem which achieves precisely this was proposed 
in p. The key observation is that the CHS background ( |4.10|) , its resolved version ( |4.35|) , 
and more generally any compact or non-compact K3, is a good background for the M = 2 
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string. In order to explain the utility of this observation in our context, we next briefly 
review some relevant aspects of Af = 2 string theory (see [68] for reviews and references). 

Ordinary type II string theory can be thought of as M = 1 worldsheet supergravity 
coupled to matter. In superconformal gauge, this means that the Af = 1 superconformal 
group generated by the superconformal generators G, G, is gauged. The Af = 2 string is 
obtained by studying Af = 2 worldsheet supergravity coupled to Af = 2 supersymmetric 
matter. In superconformal gauge, an Af = 2 superconformal group is gauged. The critical 
central charge is equal to six in this case; the critical dimension is four. Hence, K3 is a 
good background of this theory. 

In addition to the usual bosonic reparametrization ghosts (c, 6), Af = 2 string theory 
in superconformal gauge contains two pairs of superconformal ghosts (71, and (72,^2) 
associated with the two superconformal generators G~ and G + , respectively, and a pair of 
U(l) ghosts (c, b) associated with the U(l) current in the Af = 2 superconformal algebra 
(as well as the right-moving counterparts of all these fields). The BRST current takes the 
form 

J B =cT + TiG" + 72^+ + cJ + ■ ■ ■ , (5.30) 

where the • ■ ■ stand for ghost terms that will not play a role below. We can "bosonize" 
the superconformal ghosts in the usual way (see e.g. [p9| ) by defining 



d ¥i=Pjlfi j = M, (5.31) 

and adding two (77, £) systems. In it was argued that the Af = 2 string (or, equivalently, 
the Af = 4 topological string) on K3 computes BPS terms in the Lagrangian of the full 
type II string theory on K3 x IR 5 ' 1 . Our tgF 4 coupling is an example of such a term; 
hence it should correspond to an observable in the Af = 2 string. We next show that this 
is indeed the case. 

Using formulae in appendix A, it is not difficult to verify that the following normal- 
izable vertex operators are in the BRST cohomology of the Af = 2 string in the CHS 
background IR x SU(2) k , (TO : 

= a (j, j + i) e -5(w+^+w+w)+§(H-H'+H-fi') $ H e -Q(j+i)^ ^ 



0~ 1 = a(j, -j - i) e -^^i+^+^i+V2)-f (h-h'+h-h>)q(su) ^ e -Q{j+i) 



(5.32) 

'■2,- : "U- ./ 'i' ~ •''./: ./• ./* 

Comparing these operators to their type II string counterparts ( |5.24j ) we see that the 
difference is the replacement 

C M "7^e" ^~^S a S a -> e-itei+^+ei+^O . (5.33) 
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This replacement is just what we needed above. Using equations (|5.23j ) and ( [5.29|) it is 



easy to see that the unintegrated four-point function of the operators (|5.24|) is equal to 
tsCiC2C3C4 times the unintegrated four-point function of the operators ( |5.32| ). Therefore, 



the four-point function of the operators (|5.32|) in the Af = 2 string computes precisely the 



quantity of interest - the coefficient of t%F A in the effective Lagrangian of LST. This is 
why, by a slight abuse of notation, we have denoted these operators in the same way as 
Q5.24p . Note that, using (|5.15|) and (|5.27Q , the Af = 2 operators (|5.32|) obey the simple 



reflection property 

Ot J+1 = O fe -_ 2j _! • (5.34) 

In the next subsection we will compute the four-point function of the operators ( |5.32| ), 
and in the next section we will compare it with the coefficient of the t%F term which we 
computed in §2. 

5. 5. Four-point functions in Af = 2 string theory 

The analysis of symmetries performed in §5.3 together with the discussion of §5.4 
shows that there are several types of Af = 2 string correlators of the operators (|5.32|) that 
should be non-zero: 



(Ot J1+1 d+ 2+1 6+ 3+1 6+ 4+1 ); h+j 2 +j 3 +j 4 = k-2 



(^ 1+ i0 2 + 2+1 2 +3 +1 2 - 4+1 ); h + h + 33 -34 = ^, (5-35) 



{Ot h+1 Ot n+1 2]3+1 2U+1 )- 3\ + j 2 - h ~ 34 = , 

and the complex conjugates of these. As we mentioned after equation ( |5.21|) , it is enough 
to compute any one of the three classes of correlators in (|5.35| ), since the others can then 
be obtained by using the reflection property (|5.34| ). 



In order to compute these correlators it is convenient to map some (or all) of the 
RR operators in (|5.35|) to the NS-NS sector. This is possible, since the spectral flow that 



relates these sectors is gauged in the Af = 2 string. The operators that implement the 
spectral flow transformation can be written as ||69|| ll 

s±=e ±^-^)±i{H+H>) (5 _ 36) 



22 We omitted a factor in the definition of the spectral flow operators. This factor is 

needed for BRST invariance, but does not influence correlation functions. 
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These operators have the following properties [7D|: 



(1) S are in the BRST cohomology of the M = 2 string. They have dimension zero. 

(2) d z S ± is BRST exact, so in correlators that contain and other BRST-invariant 
operators, one can freely move the former around. 

(3) S + and S~ generate a ring. The product of S + and S~ is one. The other independent 
OPE is 

S+(z)S+(w) = e <P2-vi+i(H+H') _ (5 _ 37 ) 

(4) The OPE of S ± with 0± +1 is non-singular, so we can multiply them (see below). 
Thus, the O's form a module of the ring generated by S + and S~ . 

(5) The algebraic structure associated with S is very reminiscent of the ground ring of 
two dimensional string theory |7l]. Both are useful in constraining the dynamics. 



Due to the above properties, we can insert into any correlator of BRST invariant operators 
the product S + S~ = 1 (and their anti-holomorphic counterparts) and change the positions 
of S + and S~ freely without changing the answer. The following results are useful for this 
procedure^: 

S+S+d£- +1 =e -fi-^+ i ( H + s )^ (su ^. e -QU+ 1 ) < t > ? 

, -, (5-38) 

& O U 2j + 1 ~ e 1 /: /• J ( 

q-q-n- _ P -¥'2-^2-i(H+H)^(s«) q(j + i)^ 

O o v 2j+1 -e (p y: J. / 

Consider, for example, the four-point function on the third line of equation (|5.35| ). By 
inserting S + S + S~ S~ = 1 and acting on the 0~'s, using ( |5.38|) , one finds (suppressing the 
worldsheet positions) 

( 2j 1 + l°2j 2 + l 2j 3 + l 2j 4 + l) = {Otjr+lOtju+V 

-< Pl -<S> 1 +i(H'+H') ( f ) (su) g( 3 - 3+ i)^ _ ¥?2 _^ 2 _i(H+H)^(su) q( J4+ i)^> 

c j3;-j3,-i3 c c ^j4;-i4,-i 4 c / ■ 

(5.39) 



23 In these formulae, and in the ones below which involve $( s "), we write the form of the 
operators in the CHS background, or in the deformed background for large 0; however, the 
formulae should be interpreted as exact formulae in the deformed background, when we replace 
the CHS operators by the corresponding operators in the deformed background, as described in 
64.3. 
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To simplify this expression further it is useful to note that 



(5.40) 



G+M a l) _,e-M +1 ')+ = iQ(2j + l)e lH '$H _. e -W+i)4> . 

— 2 J) J) J Jt Ji J 

Using this in ( |5.39|) we find that 

Q\2 n + i) 2 (o4 +1 d+ 2+1 d 2 - 3+1 o 2 - 4+1 ) = (o+, +1 6+ 2+1 - 

e -95i-^l-VP 2 -^2^( s ") . . e -QO' 3 + l)0 . Q+ Q+ ie -i(H+H)^(su) _ _ e -Q(j4+l)<l>\ 

33i J3i 33 — 2 — 2 J4) J4 ' ' 

(5.41) 

where we used picture changing to move the operator G^G^ from the third to the 

2 2 

fourth operator. Recall that our conventions are that (pi is the ghost conjugate to G~ and 
(f2 the ghost conjugate to G + (see ( |5.30| )). 

The fourth operator now has precisely the same form as the coupling proportional to 
A J4 in the worldsheet Lagrangian ( ^1.22| ). Thus, taking this vertex operator to be the one 
which is integrated over the worldsheet, we can write 

Q 2 (2 J3 + i) 2 (o4 +1 d+ 2+1 o 2 - 3+1 d 2 - 4+1 ) = 

d //)+ /)+ . p -tpi -<fii-ip 2 -<P2 (h( su ) p -Q(j 3 +i)<f>\ ( 5 - 42 ) 
qj^ \ u 2j 1 +i u 2j 2 +i e ^ h .- h - h e ) . 

If we can compute the three-point function ( |5.42| ) as a function of the couplings Xj , we can 
obtain from it the four-point function we are after. Unfortunately, this involves solving 
the worldsheet CFT ( |4.22|) at a generic point in moduli space, which seems difficult using 
present techniques. In order to proceed, we will specialize to the case 

h = ^ , (5-43) 

for which the coupling A J4 = p and we can use known results for the amplitude on the 
right-hand side of equation ( |5.42| ) in the theory ( |4.35|) . In this case the sum rule in equation 
( |5.35|) takes the form 

k — 2 

ji + J2 = j 3 + — 2~ • (5-44) 

We can also ignore the ghosts ipi and <p2 since their correlation function is trivial. Thus, 
we arrive at: 

o 2 (2^ + i) 2 (d + d + 6~ 6~ ) - -— i e ^ H+R - H '- R '^ {su) e -Q0'i+ 1 )^. 

^ W3 -I- \ u 2h+l u 2j a +l U 2j 3 +l U k-l/ Qj^\ e ^jr,h,ji e 

UH+H-H'-H')^{su) -Qfo+l)* . p -Q(js+l)*\ 

(5.45) 
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The derivative with respect to £L brings down a factor of b/p,, where the the three-point 
function on the right hand side of equation ( |5.45| ) goes like fi a fi b ( |5.16j ). As in the discussion 
after ( p.!6| ), we can calculate a and b by imposing the sum rules for <fi charge and total J3. 
In this case, using ( |5.44Q , they give rise to the constraints 

a + 6 + Q 2 (2j 3 + ^ + l)=0, (5.46) 

and 

a -6 + 1 = 0. (5.47) 

Solving the two constraints one finds 

&=-<£(2j 8 + l). (5.48) 

What remains is to compute the three-point function ( |5.45| ) in the theory given by ([4.35|) . 

Consider first the SU(2)/U(1) part of the calculation. The SU(2)/U(1) component 
of the first operator has dimension 

Al = l + Afai + l)_fa. + j) 2 = l 1 

8 k k 8 4k K ! 

So, it is a RR ground state. Its R-charge is (see §4.3) 

fll = I (1 _ h _ 1, , = i _ . (5.50) 

2 k k 2 k K 1 

The second operator has similar properties. For the SU(2)/U(1) component of the third 
operator, we have 

* _ Mh + 1) jj _ h 
3 " 2 . 3 * (5.5!) 

so it is a chiral operator. As a check, the sum of the three R-charges in ( |5.45| ) is: 

1 2?'i + 1 1 272 + 1 2? 3 

due to the sum rule ( |5.44|) . 

In order to compute the SU(2)/U(1) correlator, we can use the decompositions dis- 
cussed in §4.3, in particular equations ( |4.44| ), ( [4. 5Q| ) . For the third operator one uses the 
NS-NS sector analog of these equations, whose SU{2)/U{1) parts are 

= e- iQi ' Y V^7™i • (5-53) 
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and 



-rr(su,susy) ,,(s») 

j'3;— i3i— i3 ~~ 331—33,-33 ex P 



:P 



(5.54) 



y/k(k-2) 

As a check, the P charges (or U(1)r charges) of the three operators add up to zero, 
2ji + 2j 2 - (k - 2) - 2j 3 = 0. 

The SU(2)/U(1) part of (|5.45|) now reduces to the three-point function of the bosonic 
parafermion operators 

which can be calculated using the identity ( |4.55| ) and its complex conjugate 



V. 



(su) 



V, 



(su) 



(5.56) 



Applying these identities to all three operators in ( |5.55| ), we find the three-point function 



/tAsu) t/(«w) T/( su ) \ 
\ ' k — 2 • ■ k—2 ■ k—2 " k—2 ■ ■ k-2 ■ fe— 2 'k—2 ■ k-2 ■ k—2 ■ / • 
— 3l,3l ~,3l 2~ — 32,32 2~ '32 2~ — 33>~2 33,-2 33 



(5.57) 



The sum rule (|5.44|) implies that this SU(2)/U(1) correlator can be calculated directly in 
SU(2), since the J3 charge is conserved. Furthermore, since this three-point function only 
involves components with \m\ = j, the SU{2) three-point function in question is just the 
structure constant that appears in appendix B, 



/T/0«) T/O") T/( SM ) \ _ r(- - - i - - - <i - - - <i ~) 

\ v k-2 ■ ■ k-2 V k-2 ■ ■ k-2 v k-2 ■ k-2 ■ / — ^ \ 71? Jll n J3) • 

-5--ji;ji— g- -^--32\32-^r- - 2 --33;- 2 —-33 l '2 2 2 

(5.58) 

Using the results of ]7^] (reviewed in appendix B) and the sum rule ( |5.44j ), one finds 



k-2 



k-2 



k-2 



Ji, 



■32, 



33) 



7(i)7( 



where 



7 (x) = 



T(x) 



(5.59) 



(5.60) 



T(l-x) 

This completes the SU{2) /U(l) part of the calculation. We next move on to the 
SL(2)/U(1) part. As we did for the SU(2)/U(1) three-point function, we will compute 
the SL(2)/U(1) three-point function by lifting it to a three-point function in SL(2). 



The SL(2)/U(1) part of the first operator in (|5.45|) is (for large 

e -i(H' +H')+iQ{h+±)Y-Q(h+l)<j> _ 



(5.61) 
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It can be lifted to a superconformal SL(2) WZW vertex operator as follows. Denote by $ 
bosonic SL(2) vertex operators (at level k + 2, as necessary for the coset; these operators 
are discussed in appendix B). The supersymmetric SL(2) model contains in addition three 
free fermions x a , with a = 3, +, — . Denote by H" the scalar field that bosonizes x^. Now 
consider the vertex operator 

e -i(H"+ff")$_. i _ 1 . ii+1 . i+1 . (5.62) 

Using the formula for the U{1)r current of SL(2)/U(1) written as a current in the full 
SL(2) theory, 

j(so = f 1+ 2y dH ,, + 2j 3 ; (563) 

one finds that the SL(2) /U(l) R-charge of the vertex operator ( |5.62|) is 

R W = _I + %tl . (5.64) 
2 k 

It is easy to check that this is the same as the R-charge obtained from equation (A. 19), 
applied to ( |5.61| ). One can check that the dimensions also agree, as well as the fact that 
( p.62| ) is a normalizable vertex operator in £X(2), in agreement with its expected properties 
in the coset theory. Finally, the sum of the SU(2)/U(1) charge ( |5.50| ) and the SL(2)/U(1) 
charge (|5.64| ) is zero, as expected from equation (A. 21) applied to ( |5.45| ). 

The second operator in ( |5.45|) can be lifted in the same way. For the third operator, 
one can check that starting with the SL{2) operator 

^" + ^'^-,3-#-i;-,3-|-i,-,3-|-i (5-65) 

leads to an operator with the correct properties (dimension and R-charge) in the 
SL(2)/U(1) theory. Note that naively this operator does not have the correct asymp- 
totic behavior for large 4> (see ( |5.13p ), but the formulae (like ( |5.13| )) for the asymptotic 
behavior can only be trusted for small j and large k, which is never the case for ( |5.65| ). 
In other cases one can have operator mixings with operators having different asymptotic 
behaviors (with the same global symmetry charges), so it seems likely that the reduction 
of the operator (|5.65| ) to the SL(2)/U(1) theory would have the asymptotic behavior that 
we need here. 
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Thus, after this lifting, we find that the SL(2)/U(1) part of the correlator ( 5.45 ) is 
equal to the SL{2) correlator 



;(H" + H' 



*-ii-i;ji+i,ii+i e 9 -j2-i;h+i,h+v 

e *(H"+S")Q_ 



-i3-f-i;-i3-f-i,-i3- 



(5.66) 



Note that both the H" charge conservation and the J3 sum rule are satisfied in this 
correlator, so there is no obstruction to calculating it directly in the SL{2) WZW theory. 

Essentially this calculation is done in 0, and is reviewed in appendix B. Equation 
(4.19) of J7J contains the residue of the poles at \m\ = j + 1 for all the external legs, which 
is what we need here. One has (see equation (B.25)) : 

2 x ' 



(*-ii-i;ii+i,ii+i^-i2-i;j2+i,i2+i^-i 3 -|- 



-j3-|-l,-i3- 



7(|)7(- 



233+1 
k 



) 



We are now ready to assemble all the pieces, to find the final answer for the correlator on 
the third line of (|5.35| ) for the special case ( |5.43| ). We find 

1 



7(i)7(^ ±i )7( 



272+1 - 

k ■ 



7( 



2J3 + 1 

k 



kn 



7(1-^)7(1 



2J2 + 1 

k 



7(ib(- 



2J3 + 1 

k 



) 



(5.68) 



(5.69) 



Simplifying, we find: 

(0j 1+ i0j- 3 +i^s+i^ib-i> - const > 
where the constant appearing on the right-hand side is independent of the ji (and of 
Note that the result ( |5.69| ) is consistent with the reflection property ( |5.34[ ) satisfied by 
the H = 2 string operators: we can get another amplitude of the same kind by taking, 
22 an d 2z ~^ ~ J3- Moreover, the reflection symmetry implies that 



say, 22 



k-2 



2 J* J* 2 

whenever at least one of the four fs in equation ( p.35| ) is equal to (k — 2)/2 or to 0, there is 
no need to do any further calculations, since by using ( |5.34| ) and the answer ( |5.69j ) above 
we can compute the amplitude for all of these cases. The computation for other values of 
the j's will be left for future work. 

In the next section we will show that the gauge theory result ( |2.1U[ ) indeed has the 
property predicted by the string calculation, that in the appropriate normalization the 
analog of ( |5.69| ) for ( |5.2|) , ( |5.3| ) is indeed independent of ji, 22 an d J3, and satisfies the 
selection rules ( |5.35|) . 



24 



This constant can be computed using our techniques, but we will not attempt to fix it here. 
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6. Comparison between the type II and heterotic results 

In §2 we wrote down the form of the tgF 4 coupling in the heterotic theory ( |2.10| ) in 
terms of the gauge fields of the low-energy field theory In order to compare with the 
type II computations of the previous section, it is useful to rewrite this coupling in terms 
of the operators (|5.2| ), ( |5.3| ), which appear naturally in the type II string theory. For 
an SU(k) gauge theory ( |2.1U| ) takes the form 



F 4 



k-1 

E 

Z>m=0 



1 



M\a h 



-{F-a h 



(6.1) 



where M(ct; m ) is the mass of the W-boson corresponding to the root ai m ; in the NS5- 
brane realization this is a D-string stretched between the Z-th and the m-th iVSo-branes. 
Using the form of the VEV of B ( |5.1|) one can easily compute this mass at the point in 
moduli space we are interested in : 



M(ai m ) = r 



2 ™ 7 i 
exp | —j— I ] — exp 



2ni 



-m 



2r 



sin ( — (/ — m) 

k 



(6.2) 



In order to compare the result ( |6.1|) to the type II calculation we should express F in terms 
of the operators 0+ (we will generally suppress the space-time indices in this section) . Such 
a replacement makes sense at leading order in M s /Mw, since at this order we can simply 
replace B in ( |5.2|) by its expectation value, and then solve for F in terms of 0+, obtaining 
(writing the low-energy SU (k) gauge field as F^ = diag(F^ , Ffi) , ■ • • , F$)) 



1 fc-i 



k ' — ' rk 

n=0 u 



exp 



2ni 



k 



-rn 



(6.3) 



In this expression we included also an operator Oq (defined like the other values of n 
( |5.2|) ), which vanishes due to tracelessness of F^, so one can choose the lower limit of the 
sum to be either or 1. 

Now, using (|6.2|) and (|6.3|) one can express Cp 4 of ( |6.1|) in the following form : 

4L 



where 



E 



k-i 



j ni,nv,n 3 ,ri4_(n+ yn+ yn+ ^+ 



(6.4) 



"Hi, n 2 , n 3 , n 4 
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(6.5) 
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We chose here to write the Lagrangian using the operators As discussed in §5.2, when 
we replace the S's in (|5.2| ), ( |5T3| ) by their VEVs, the operators and 0^_ n are identical 
(up to a power of ro). Thus, we can always replace (for any particular n) the operator 0+ 
appearing in (|6.4| ) by C A T_ n . 

The expression ( 6.5| ) is quite complicated, so we would like to simplify it. This sim- 
plification is discussed in appendix D. The result is that 



k 2 

t ni ,n 2 ,n 3 ,n 4 = -7~2 mm (^ & ~ n i) ) ( 6 -6) 

if X/i=i n i = and it vanishes otherwise. 

Next, we would like to relate this result to the four-point functions that we computed 
in the previous section. Using equations ( 5.28 ) and (|5.12|) we obtain that the contraction 



of an amputated string theory operator 2 - +1 with a field theory operator 2 - +1 gives 



7T 



up to factors of momentum which can be ignored following the discussion of the previ- 
ous section. The space-time Lagrangian contains in particular the vertex ( |6.4| ) with all 
operators at zero momentum, and we can obtain a non-zero four-point function of O^j+x 
operators by contracting the operators 2 j + \ with the operators 2 - +1 in the vertex (|6.4|). 
The low-energy field theory result (|6.4|) and equation (|6.7|) then imply that the four-point 
functions computed in the previous section should be equal to 

64 

Let us compare this with the results of the previous section. First, if we look at a 
correlation function of the form ( |6.8| ) where all oti have the same sign, we see that the sum 
rule J2i n i = 2k required to get a non-vanishing t nij n 2)n3)n4 is precisely the same as the 
sum rule we encountered in the type II computation Q5.21 ). This is our first test of the 
type II/heterotic duality for four-point functions. 

Next, let us make a more precise comparison with the results of §5.5. In that section 
we computed the correlators for which at least one of the rij was equal to either 1 or k — 1 . 
In such cases, fl6.6|) implies that t ni ^ n2jn3jn4 = k 2 /4r 2 with no dependence on the other n's, 
so we expect to find 

(O-O- 6-6-) = ( — ) . (6.9) 



7rr 
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The result ( |5.69| ) which we found in our type II computation (transformed into a corre- 
lator of four 0~'s) has precisely this form; the two expressions have precisely the same 
dependence on the raj, and as we discussed after equation ( |5.22| ) they also have the same 
dependence on tq if we reinstate the powers of \i into the SL(2)/U{1) correlators, so they 
differ just by a constant multiplicative factor (which we did not keep track of). Thus, 
we find precise agreement between the four-point functions we computed in type II string 
theory in §5 and our heterotic (field theory) expectations. This is a strong test of type 
II/heterotic duality, as well as of the techniques used in studying LST. 

7. Summary and discussion of future directions 

7.1. Summary 

Since this paper is somewhat long, it is useful to briefly summarize our main results. 
The bulk of the paper was devoted to an analysis of a certain half-BPS F 4 term in the 
low-energy effective action of LST. We showed that this term can be efficiently computed 
in a topological version of LST, which is holographically dual to the M = 2 string on an 
asymptotically linear-dilaton background. Its coefficient is given by a tree level four-point 
function of certain normalizable operators in the M = 2 string. 

At the same time, this term can be obtained by a one-loop calculation in the heterotic 
string on T 4 near a point of enhanced ADE gauge symmetry, or equivalently in the low- 
energy SYM theory corresponding to the relevant ADE gauge group. The M = 2 string and 
heterotic computations of the F 4 term are apriori valid in different regions in moduli space. 
The expected agreement between them is a highly non-trivial consequence of heterotic/type 
II duality, and of the non-renormalization theorem of this F term in the effective action. 
Therefore, computing it in the asymptotically linear dilaton background of the M = 2 
string provides a sensitive test of both S-duality and the non-renormalization theorem, 
and it also tests our understanding of LST at low energies. 

While the heterotic one- loop calculation can be easily done for all values of the moduli 
of LST, the Af = 2 string calculation simplifies at a specific point in moduli space, (|5.1|). 
We found that a large class of four-point functions in the M = 2 string agree with the 
heterotic predictions at this point in moduli space. 

Our results passed several consistency checks: 
(1) The holographic interpretation of physics in linear dilaton spaces [[| suggests that 

while in the heterotic string one can consider the gauge field strength F directly, 
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in the type II and Af = 2 string calculations, the observables correspond to gauge 
invariant operators in the full non-abelian gauge theory, such as O^, (|5.2|), (|5.3|). We 
indeed found that in order to compare the linear dilaton results to those obtained in 
the heterotic string or low-energy SYM theory, one has to perform the discrete Fourier 
transform ( |6.3|) . 

(2) The low-energy field theory analysis suggests that the normalizable versions of the 
two types of operators that we analyzed, 0+ and C , A T_ n , should be the same (up to a 
constant) , and we found that this is indeed true (both in the type II string and in the 
M = 2 string). In fact, the gauge theory provides a physical interpretation of certain 
reflection symmetries of two dimensional CFTs such as the parafermion theory and 
Af = 2 minimal models, ( f4.54| ), ([1755]), (and their SL(2) analogs) that are known for 
many years. 

(3) Expressing the t%F term (found from the heterotic computation) in the basis of the 
operators O^, we found that the resulting four-point functions should obey specific 
selection rules. The same selection rules appeared in the type II computation in a 
completely different way (described in §5.3). 

(4) We explicitly computed using the Af = 2 string specific four-point functions (related 
to tsF 4 terms) involving at least one operator C^j+i with j = or j = (k — 2)/2, and 
found that they agreed (up to an overall constant that we did not determine) with 
the heterotic computation of the same objects. 

In the process of computing the t^F 4 " terms we clarified some additional issues in the 
study of LSTs. We showed that one could use normalizable vertex operators (which we 
carefully defined in §5.2) to compute amputated correlation functions in LSTs (the same 
should be true for other holographic backgrounds). This implements the LSZ reduction 
in the "boundary theory" directly in terms of the bulk variables and, as we have seen, 
simplifies the computation of S-matrix elements and coefficients of terms in the effective 
Lagrangian in these theories. Also, in order to complete our computation we needed to 
carefully compute the two-point functions in string theory on SL(2) /U(l). As in Liouville 
theory or SL(2), this computation naively involves a ratio of infinities, but we showed (in 
appendix C) that the result can be uniquely determined by relating the two-point functions 
to three-point functions. These results are useful for many other computations in LST and 
in other holographic backgrounds. 

We also showed that the correspondence between the asymptotically linear dilaton 
background (|4.35| ) and LST sheds new light on the equivalence between Af = 2 Liouville 

53 



theory and the cigar (SL(2) /U(l)) CFT, conjectured in [|J and further discussed in [57- 
|59| . It suggests a picture, compatible with the worldsheet analysis, according to which 
the black hole metric and the Af = 2 superpotential QL32| ) coexist in these backgrounds. 
In fact, our discussion of the normalizable operators in §5.2, applied to the moduli, shows 
that for any finite value of /i, the normalizable operators corresponding to the Liouville 



deformation (|4.32| ) and to the cigar deformation ( f4.34| ) should be identified (in analogy 
with our identification (|5.15|) ). There is only a single deformation operator corresponding 
to moving along the flat direction (|5.1| ), though we can describe it in two (and, in fact, 
more) different ways. This provides additional evidence for the equivalence of the two 
theories. 

One of our main results was the identification of some of the observables in the topo- 
logical LST (holographically described by the Af = 2 string on the "throat" background) . 
We found that these observables correspond to normalizable versions of the vertex oper- 
ators of the LST. Their correlation functions compute amputated correlation functions in 
the LST, which are related to protected terms in the effective action. Due to the spectral 
flow properties of Af = 2 strings, the same observables correspond in the type II string 
both to RR operators and to NS-NS operators (the moduli of the "throat" background). 
We computed several three-point and four-point functions of these observables, and found 
that both can be non-zero. By differentiating with respect to the couplings Xj Q4.27Q one 
finds non-zero higher point functions as well. Note that this is different from the case of 
Af = 2 strings in flat space, where all four and higher point functions vanish. 

7.2. Discussion of future directions 

There are several future directions that are suggested by our results. The most obvious 
is to complete the analysis of tsF 4 terms. In this paper we only computed a subset of the 
relevant four-point functions in the topological LST, at a particular point in the moduli 
space (|4.30| ) . It would be nice to compute the rest of the four-point functions at this point 



in the moduli space, and then understand the structure everywhere in moduli space. 

From the heterotic side we have predictions (|6.6| ), (|6.8| ) for all four-point functions of 
the operators ( |5.32| ) at the point ( [4.301 ) in moduli space. We show in appendix D that the 
heterotic answer can be naturally expressed using the fusion coefficients of the SU(2)k-2 
WZW theory. This is very suggestive, since at this point in moduli space, the relevant bulk 
background involves precisely this current algebra (see (|4.35|) ). It would be interesting to 
understand this relation to SU(2)k-2 better. 
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More generally, the heterotic result ( 2.10Q predicts the correlation functions of the 
normalizable topological observables ( |5.32| ) everywhere in moduli space. It would be inter- 
esting to verify these predictions using M = 2 strings on the generic "throat geometries" 
( |4.27|) . The techniques developed in previous studies of topological string theories may be 
useful for this (see |73[] for a review). 

It should also be interesting to generalize our results to other LSTs. We expect the 
generalization to Dk and Ek type LSTs to be straightforward. It may be possible to 
generalize the results also to six dimensional LSTs with M = (2, 0) supersymmetry, which 
arise in type IIB string theory near ALE singularities. In this case the low-energy effective 
action contains two-form gauge potentials rather than one-forms, but presumably there 
are still protected H 4 terms in the low-energy effective action that may be computable 
using topological strings. It is not clear if there is any useful dual description in this case. 
Another interesting generalization is to the topological sectors of the 3+1 dimensional LSTs 
that are associated to generalized conifold-type singularities (e.g. ( |4.64| ) ) . The holographic 
dual of these topological LSTs involves M = 2 topological strings on "throat" backgrounds 
similar to those that we described in this paper. As we discussed in §4.4, in this case the 
analog of the tgF 4 term studied here is a tree level two-point function in the topological 
string theory. 

Our computations in this paper focused on three-point and four-point functions at 
tree level in the M = 2 string on the "throat" background. Clearly, there are many other 
objects that can be computed in this theory. Our analysis of §5.5 showed that the four- 
point functions in this theory were derivatives of three-point functions with respect to the 
moduli, and one can similarly show that they are second derivatives of two-point functions 
with respect to the moduli. So, the full information about tree level correlation functions 
seems to be contained in the two-point functions (as a function of the moduli). One should 
be able to define a "sphere partition function" such that the four-point functions would 
be its fourth derivatives. Higher genus partition functions in this theory are related || to 
i? 4 F 43-4 terms in the effective action. We hope that such terms may again be computed 
using the duality to heterotic strings, and perhaps they can also be computed directly in 
the M — 2 string. 

As we mentioned in the introduction, one of our motivations for studying these topo- 
logical LSTs is the hope that they can be a useful toy model for studying dualities between 
open and closed strings, like those that were found for M = 2 topological strings on coni- 
fold backgrounds. We expect that these dualities should be similar to those of D < 2 
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dimensional bosonic and fermionic strings, where the closed string theory on the throat 
background is equivalent to an open string theory living on D-branes localized inside the 
"throat"il. For the case of the A\ ALE space this conjecture was first made in [74[. We 
hope that our results, and in particular the identification of the observables of the topo- 
logical LST, will be useful for understanding this duality better; we hope to return to it in 
future work. Recent results on closed and open Af = 2 strings |75| - |77[| should be useful for 
the further study of Af = 2 strings on ALE spaces. 
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Appendix A. Some results on CFT in the CHS background 

The CHS CFT contains a scalar 0, a bosonic SU(2) WZW model at level k — 2 (k is 
the number of AS'S-branes) with currents J z , i = 1, 2, 3, and four fermions ?/>i, i/^, ^3- 

25 The backgrounds discussed in this paper are very similar to the c < 1 and c < 1 string 
theories. If one replaces the Af = 0(1) minimal model by an Af = 2 minimal model, and Af = 0(1) 
worldsheet gravity by Af = 2 worldsheet gravity, one goes from the well understood examples 
related to the "old matrix models" to our system. 
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The operator product expansions (OPEs) are (we take a' = 2 throughout this appendix): 

</>(^(o) = -io g M 2 , 

ila(z)MU) =-|p (A.l) 

z l z 

where e 123 = 1; a, b = <p, 1, 2, 3. Define 

J ± = J 1 ±iJ 2 . (A.2) 
The OPE algebra on the last line of ( |A.1| ) is: 

j\ z ) j 3 (o) =i^f^, 

J 3 (z)J ± (0)=^^, (A.3) 
/ \ t / \ fc-2 2J 3 (0) 



2T 



Also define 



^ ± =^(^1 ±#2), 

^ = ^7f^^ + ^ 3 ^' 



which satisfy 



Sometimes it is convenient to bosonize the fermions (|A.4|) and write them as 



(A.4) 



^(zU*(0) = ^ + (zU-(0) = -. (A.5) 

z 



= e ±lH ; ip = e lH . (A.6) 

As mentioned in §4, the total SU(2) currents of the supersymmetric SU(2)k CFT, of level 
k, receive a contribution also from the fermions. They are given by 

J- ot = Ji - Uijkipj^k, (A.7) 

and in particular 

J 3 tot = J 3 - = J 3 + (A.8) 
Note in particular that ip^ have charge ±1 under J^ ot . 
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The stress tensor of the model is given by 

T = ~\ - \Q d ^ + kT2 J ^ - \^ 9 ^ - \l>W* - \^ + d^~ - ^-dij; + , (A.9) 

where for a' = 2 the slope of the linear dilaton is (see (|4.7[) ) the positive root of 

Q 2 = \. (A.10) 
In particular, ( |A.9| ) implies that the dimension of is 

A(^) = ~W + Q). (A.ll) 

The CHS CFT has an M = 4 superconformal symmetry. For our discussion it is useful to 
exhibit an J\f = 2 subalgebra of it. The two superconformal generators are (see H78| ) : 

G = i^dcj) + iQdipQ + Q( J x ^i + J 2 ^2 + Jsi^s - i^uMfc) , (A.12) 

G 3 = itp 3 d(p + iQdtp3 + Q{-J^<t> + Ji^2 - Ji^i + iipiip2ip</,)- (A. 13) 

One can define the generators 

G ± = G±iG 3 , (A.14) 

which are given by 

G+ =i^{d<f> - Q4 ot ) + iQdt/j + QJ~i(; + , 
G~ =ii(j*(d(P + QJ t 3 ot ) + iQdi(;* +QJ+1/;-. 

These generators satisfy the OPE algebra 



(A.15) 



G+(z)G-(0) ~ |^ + 4 J (°) + "(2T(0) + dJ(0)), (A.16) 

oZ Z Z 

from which one can find the form of the U(1)r current J. In computing the OPE ( |A.16|) , 
one notes that G + and G~ split into two decoupled terms: the first two terms in each line 
in ( |A.15|) , and the last term. Thus, in computing the OPE ( |A.16| ) we can separate: 



G+(z)G-(0) = - U){d<j> - QJl ot ) + Qdii] (z) W (d<p + QJl ot ) + Qdr] (0)+ 

(A.17) 

Q 2 j-^+(z)j+r(o). 

The term that goes like l/z s is 

(_!)(_! -Q 2k -)- Q 2 (-2) + Q\k - 2) = 2 + ~ + ~(fc - 2) = 4 = | c , (A.18) 
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in agreement with ( A. 16 ). 

The coefficient of 1/z 2 should be 2 J, the U(1)r current in the M = 2 superconformal 
algebra. From the square bracket term in ( |A.17|) we get 



2J sl = 2^* + 2Q 2 4 ot . 



(A.19) 



From the last term in ( [A.17Q : 



2J SU = Q 2 (k - 2)V + V>~ + Q 2 (-2)J 3 - 



(A.20) 



After resolving the strong coupling singularity as discussed in section 4, (|A.19| ) and (|A.20| ) 
become the U(1) R currents of the SL(2)/U(1) and SU(2)/U(1) SCFTs, respectively. The 
sum of ( |A~T9D and (|A~20l) is 2 J with 



J = tpip* + tp + ip~ 



(A.21) 



Appendix B. Some facts about SU(2) and SL{2) WZW models 

In this appendix we review some properties of the SU(2) and SL{2) WZW models 
which are used in the main part of this paper. 
The SU{2) WZW model§ of level 

ksu(2)=k-2, (B.l) 

has the central charge 

_ 3(fc-2) 

CSU(2) — ^ 

and contains an SU{2)l x SU(2)r affine Lie algebra of level ksu{2)- The operator algebra 
consists of primary fields of the current algebra $^ su - ) with j = 0, 1/2, ■ ■ ■ , (k — 2)/2 and 
their descendants. The primaries $^ su - ) can be written in two equivalent bases |72}| , which 
are related by 

^ u \y,y-z,z)= E [C^ +j C^ + W +m y i+ ^t^,z), (B.3) 

m,m=— j 



20 



For more details and conventions see [72\. 
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where CV} = — — tt are binomial coefficients and the $,- s " ™ are eigenfunctions of J3 

Jv m\(J\ —m)\ J,m,m J 

and J3 with eigenvalues m and m. 

The form of two- and three-point functions of the operators is fixed by SU(2) invari- 
ance. In particular, the two-point functions of primaries are determined up to an overall 
j-dependent factor, which can be chosen to be one, 



/$( su )t $( su ) ) = 5 ■ -5 5- - 

\^j 1 ;m 1 ,fh 1 ^ 32;m 2 ,fh 2 l u 3i,32 u rn 1 ,m,2 u m 1 ,m 2 i 



(B.4) 



C {ji,j2,j3) = 7 (r J P Vi+32+Ja + 1) 11 7 (1 £ — J 

n=l 



where y i3 - = yi - yj and 

j,m,m \ I j, — m,—m' V / 

Here and below we suppress the z dependence which is determined by conformal invariance. 
Similarly, the three-point functions of primary fields have the form 

(^T\yuyi)^: u \y2,y2)^: u \ys,ys)) = 

^0W2,j3)|yi 2 | 2(jl+jW3 V^ ■ 

(B.6) 

C(ji, J2, J3) is uniquely determined once we fix the normalization of the operators using 
( pll) . One finds Jf§ 

3 , ...... o2( ^ 

P 2 (2 Jn ) 

(B.7) 

where 7(0;) and P(j) are defined as follows : 

7(«) - j^y, (B.8) 

and 

s II 7 (£) , ^(0) = I- (B.9) 

n=l 

One can translate ( |B.6| ) into the (j, m, fh) basis using equation ( |B.3| ). For the special case 
j3 = ji + j2i rri2 = fri2 = —jz, m 3 = 777.3 = J3 that is used in §5 we find, using ( |B.3| ) and 

(^ 1 ,-, 1 ^ 2) -, 2 ^S 2 , 1+ , 2 . 1+ , 2 ) = C0i.i 2 .ii + (B.10) 

where 

, 2 /, , , , _^ ..f^.f, ^ + 1^./, 2j 2 + iVY 2 0'i+^) + i 
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We next turn to a discussion of the SL{2) WZW model of level 



-SL(2) =k + 2, 



(B.12) 



with central charge 



CSL(2) 



3(k + 2) 
k 



(B.13) 



The natural observables in the theory defined on the Euclidean version of SL(2), 
+ = SL(2,C)/SU(2), are primaries $J s °(x,x) of the SL(2) L x SL(2) R current al- 

(sl). 



gebra [79,80(1 with j > — i. The worldsheet scaling dimension of (x, x) is 



H. 



A(j) 



In the papers f79| , |B0"| the operators & ■ are normalized as follows 



k 



(B.14) 



(^l l \x 1 ,x 1 )^ > (x 2 ,x 2 )) = 5( 3l - j 2 ) 



i(«0 



7T 



1 /l 



fc7T \ k 



2ji + l 



7 1- 



2ji + 1 
k 



F12 



-4(ji + l) 



(B.15) 



For our computations in section 5 it is more convenient to choose a different normalization 



$j(x, x) 



$5 s °(x,x) 



'M^7(i)] 2j+1 7(l-^) 
In this normalization the two-point function is (compare to ( |B.4| )) 



(B.16) 



($ J1 (xi,Xi)$ i2 (x 2 ,X 2 )) = 8{jx -J2)\XX2\ 



-4(ii+l) 



(B.17) 



For discussing the coset SL(2)/U(1) it is convenient to choose a different basis for the 
primaries $j 

(B.18) 



j;m,m 



d 2 xx j+m x j+rn § (x x) 



which is analogous to the (j;m,m) basis of SU{2) WZW ( P-3| ). The two-point function 
in this basis was computed in [|81||711 : 



/ff. 5. v xr ,.T(-2j-l)T(j-m+l)T(l + j + fh) 

{$j;m,rh$j';-m,-rh} = ^0{j —J )- 



T(2j + 2)T(-j-m)T(m-j 
The three-point function takes the form 

($ jl (xi,Xi)$ j2 (x2,X2)$j 3 (x3,X3)) = 



(B.19) 



D(ji, j2, js,)\xi2 



2(j3-ii-j2-i) i~ 10 |2(j2— ii-is-i) |~„„|20'i-i2-i3-i) 



(B.20) 



^13 



£23 1 
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where the structure constants D(ji, 32, 3 z) were computed in |T^,0 : 



~ / . 1 1 

Dyi, j2,33) = 7. / = x 

27r ^(i)n?=i7(i-^) 

G{-h - 32 - h ~ 2)G(j 3 - 31 - 32 - l)G{32 - 3 1 - j 3 - l)G(ii - 32 - ja - 1) 



(B.21) 



G{-l)G{-2jx - l)G{-2h ~ l)G{-2j 3 - 1) 

G(j) is a special function which satisfies the following useful identities : 

G(j) = G(-j-l-k), 
G(j-l) = j(l+ J -)G(j), (B.22) 
G(j-k) = k-M +1 h(3 + l)G(j). 
In the j, m, rh basis the three-point function for m = m is given by 

F(j 1 ,m 1 ;j2,m 2 ;j3,m 3 ) J d 2 x\x\ 2 ^ +m2+m ^ , 

where 

F(j 1 ,m 1 ;j 2 ,m 2] j 3 ,m 3 ) = J d 2 x 1 d 2 x 2 \x 1 \ 2 ^ +m ^\x 2 \ 2 ^+ m ^ x 

|1 — a;i| 2(j ' 2_J ' 1_J ' 3_1) |l — x 2 | 20 ' 1 ~ J ' 2 ~ J ' 3 ~ 1) |a;i - x 2 \ 2U3 ~ jl ~ h ~ 1) ■ 



(B.23) 



(B.24) 



The integral over x in ( |B.23|) ensures winding number conservation mi+m 2 -\-rn3 = 0. The 
function F ( |B.24| ) does not seem to be expressible in terms of elementary functions. The 
same two-point functions and three-point functions arise also in the coset SL(2) /U(l) when 
we look at correlation functions preserving the winding number; in the coset, additional 
correlation functions are non- vanishing as well. 
A special case that plays a role in §5 is 

( $ -ii-i;ii+iJi+i $ -i2-i;j2+i,j2+i $ -ji-j 2 -2;-ii-i 2 -2 -ii-ia-2)- (B.25) 

As we argued in section 5 this correlator computes the residue of the pole in the correlator 
of non-normalizable operators Qfcji+iji+i as % approaches 3\. This residue is computed 
in 0, and in the normalization ( |B.17| ) it takes the following form : 



\ Q -ji-i;ji+i,j'i+i Q -j2-i;j2+i,j2+i Q -j3-i;-j'3-i ,-ja-l) ~ 7T\ 7] 2j 3 +l \ ' 

V 7 U ) T I 1 k ) 

(B.26) 

where 33 = jx +j 2 + l. 
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Appendix C. Normalization of two-point functions in Liouville and SL(2) back- 
grounds of string theory 

In string theory in flat space-time H it is well-known that the two-point function 
of physical, on shell, operators on the sphere (as well as the zero and one-point functions, 
which we will not discuss here) vanishes. From the worldsheet point of view this is natural 
since the CFT two-point function is finite§, but one has to divide by the volume of 
the conformal Killing group (CKG) of the sphere with two punctures, which is infinite. 
Equivalently, the two-point function vanishes since it does not saturate the zero modes 
of the reparametrization ghosts c, c on the sphere. In space-time, this is natural as well, 
since the two-point function corresponds to the inverse propagator p 2 + m 2 , which indeed 
vanishes on-shell. 

In backgrounds that involve SL(2), such as Liouville theory, AdS%, SL(2)/U(1), or 
the Nappi-Witten spacetime |ft2| , it is similarly well-known that the two-point function 
(as well as the zero and one-point function) does not vanishH. From the worldsheet point 
of view this is due to the fact that while in string theory one still needs to divide by 
the volume of the conformal Killing group of the sphere with two punctures, the CFT 
correlator is typically infinite, due to a diverging integral over bosonic zero modes in the 
CFT. This infinity precisely cancels the volume of the conformal Killing group, and leaves 
behind a finite answer. 

From the space-time point of view this is natural as well. Correlation functions of non- 
normalizable operators in such backgrounds correspond to off-shell Green's functions in a 
dual "boundary theory". In Liouville theory and SL(2)/U(1) the dual theory is in general 
a LST 0, and in particular low dimensional examples it can be described alternatively 
by a large N matrix model. In AdSs, the dual theory is a two dimensional CFT |5U[j . In 
the Nappi-Witten model, the dual is not known but is expected to exist In all these 
cases, the two-point function is expected to be non-zero in general. 

To compute the finite two-point function in string theory in the backgrounds men- 
tioned above, one has to evaluate the ratio of infinite volumes of the bosonic zero modes in 
the CFT and the conformal Killing group of the sphere with two punctures. Naively one 



27 It is typically proportional to the volume of space-time, which is infinite, but, like in field 
theory (in momentum space), one is interested in the contribution to the correlation function that 
is proportional to the volume, i.e. preserves momentum. 

28 This is also true for backgrounds involving other asymptotically AdS spaces. 
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might expect that this just gives a constant, independent of the quantum numbers of the 
operators whose two-point function is being computed, but this is known to be incorrect. 
The purpose of this appendix is to compute the two-point function in string theory for 
SL(2) /U(l). We start with a discussion of the more familiar Liouville case, and then move 
on to SL{2). On general grounds, one expects that the ratio of determinants in question 
should be the same in Liouville theory, SL(2), SL(2)/U(1), and other related theories, 
since it has to do with the same divergence in the underlying SL{2) CFT. We will see that 
this is indeed the case. 

We start with (bosonic) Liouville theory. We will use results from |83| but modify 



them to be consistent with our normalizations and conventions^ in appendix A. The 
central charge of the Liouville theory is related to the linear dilaton slope Q as follows: 

c = l + 3Q 2 . (C.l) 

The Lagrangian contains an interaction term 

Ant = He~^ H , (C.2) 

where b is defined by the relation Q/y/2 = b + 6 -1 . The operators of interest are 

V a = e -^ a + . (C.3) 

Their worldsheet scaling dimensions are (|A.11|) 

A(a) = a(^-a) . (C.4) 



Note that the Liouville term in the Lagrangian ( |C.2|) is fiVb] according to QC.4D it is 
marginal. 

The two-point function of the operators V a is given by 

(V ai {z)V a2 {0)} = A , (C.5) 

•2m 

where 



29 Because of different choices for a' and for the sign of <f> in [ ]S4| |, this involves multiplying Q 
in that paper by l/\/2 and multiplying <f> by (— 1/\/2). 
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with 7(x) defined in (|B.8|) . As mentioned above, this CFT result is divergent when a\ = a 2 - 
The divergence arises from the integration over the bosonic zero mode of <p in the CFT, and 
is cancelled in string theory by the volume of the corresponding conformal Killing group. 
The question we would like to address is what is the finite result obtained by taking into 
account this ratio of infinite factors. 

A simple trick that allows one to resolve this issue is to differentiate the two-point 
function (|C.5| ) with respect to the cosmological constant /i. This brings down from the 
action the operator V b (with a minus sign). In the CFT this operator is integrated over the 
worldsheet, and the divergent factor 8(ol\ — a 2 ) arises from the integral. In string theory, 
it is clear that the right prescription is to drop the integral over Vh and replace it by ccV&. 
This eliminates both of the infinities mentioned above. The (unintegrated) Liouville three- 
point function (VbV a V a ) is finite, and all the c, c zero modes on the sphere are soaked by 
the vertex operators, or equivalently, the conformal Killing group of the sphere with three 
punctures is trivial. Thus, we conclude that the two-point function (V a V a ) in string theory 
can be obtained by integrating the relation 

d_ 

The three-point function on the right-hand side of (|C.7|) is a special case of those calculated 
in |85|,^6|. Using the results of these papers and integrating ( |C.7| ), one finds that 

(U a F Q ) strmg = -A - 2a)£>(a) . (C.8) 

Comparing to ( |C.5|) we see that the ratio of infinite volumes produces in this case the 
finite factor (Q/^/2 — 2a) /n, which depends on the particular operators whose correlation 
function is being computed. 

We next move on to the case of SL{2). This case was already analyzed by slightly 
different methods in |)7|] , with results that agree with the results that we will find belowll. 
The two-point function in the SL(2) CFT is given in (|B.15| ). Restoring the ^-dependence, 
we can write it as 



■(V a V a ) stTing = -(V b V a V a ) . (C.7) 



(<f- {x 1 ,z 1 )^ h {x 2 ,z 2 )) - —^-——^ ^ , (C.9) 



30 The results stated in [67] include only the j-dependent factors in the two-point functions 
and not the additional ^-independent factors. Reinstating these factors the result precisely agrees 
with our result below. 
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where A(j) is given by ( |B.14|) and 

„, N k r i / 1 
£>(j) = - 

7T 



kn^ \k 



7 (l-^_). (CIO) 



Again, in order to compute the corresponding correlation function in string theory we need 
to resolve the ratio of infinite factors coming from the 5(j± —32), and from the volume 
of the CKG. To do that we will use a result from f58|l , where it is proven that (in the 
notations of this paper) the following identity should hold in string theory (see equation 
(3.28) in @): 

(I^ sl \x ll x 1 )^ sl \x 2 ,x 2 )) = 2 2^^f\ XliXl )<$>f\ X2iX2 )) , (C.ll) 



k 



where 



I=^J d 2 zJ(x-z)J{x-z)<S>[ sl \x,x-z,z) . (C.12) 

See e.g. |5§] for the definition and properties of the <SX(2,1R) current J(x;z). Equation 
( |C.11|) is a special case of a more general relation that is proven in [|58|. Just like for the 
Liouville case, in order to make sense of flC.ll| ) in string theory, we drop the integral in the 
definition of I ( |C.12| ) , compute the left-hand side of ( |C.11| ) (which involves no divergences) 
and take it to be the definition of the right-hand side. Using the results of appendix B and 



the Ward identities of SL(2) currents summarized in [58|, one finds that (suppressing the 
dependence on x and z) 

<«r*r>=i(^)W (c.13) 

Substituting into ( |C.11| ) we conclude that the string theory two-point function is given by 
(again suppressing the dependence on x and z) 

The SL(2)/U(1) result follows immediately from this. Comparing to ( |C.9| ) we see that the 
string two-point function is corrected relative to the coefficient of 8(ji — 32) in the CFT 
two-point function by the factor 7^2 ■ To compare to the Liouville result ( |C.8|) we need 
to take into account the relation between the Liouville momentum a and j, a = —Qj/y/2. 
Thus, Q/V2 -2a = Q(l + 2j) /^2. This has to be multiplied further by Q/V2 to account 
for the difference between S(ai — a 2 ) in (|C.5|) , and 8{j\ —32) in (|C.9| ). Thus, the Liouville 
answer is in SL{2) variables^ ^Q 2 (2j + 1) = ^^f 1 - The SL(2) answer ( |CTT4D has the 
same dependence on j and k; it differs from the Liouville result by the factor 1/27T. We 
do not know the origin of this minor discrepancy. 



31 Recall that in our conventions Q 2 = 2/k 
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Appendix D. Simplification of the formula for t nx ^ >n3>rH 

In 56.1 we found the formula 



t 



n 1 ,n 2 ,n 3 ,n4 o z / o 

'o i >m=Q sin 



> f =— I I sin 

• 5 ir(l-m) I J- J- 



7r(Z — m) 
k 



-m 



(D.1) 



which we would like to simplify here. Let us introduce a new summation variable p = l — m. 
In terms of this variable, the sum in ( p.l| ) can be rewritten as 



fc-i k-ik-i-p 

E = E E • 

i>rra=0 p=0 m=0 



(D.2) 



where we added ap = term without changing the expression, since the summand vanishes 
for p = 0. Using the relation 



n-l 

sin net = sin a e 

one can further simplify (p.lj ) to the form 

fc-i fc-i-p 



i(n-2Z-l)a 



;d.3) 



ni,n 2 , n 3 ,ri4 



1 fc-lfc-l-p n»-l /n \ 

p=0 m=0 =0 ^ ' 



(D.4) 



The behavior of the sum over to in the expression above depends on the value of Yl n i- 
Let us first consider the case Yl n i & ^IL. Then, one can easily do the sum over to and find 



n 1 ,n 2 ,n 3 ,n 4 a 2 
rii— 1 



k ( 

e 



!*=0 
1i— 1 



(D.5) 



Ji=0 

It is easy to see that this expression is actually zero. Indeed, by a change of variables 



(D.6) 



one can show that the third line of ( p.5|) exactly cancels the second line. This is precisely 
what we expect, since the theory at the specific point of moduli space we are at has a 
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symmetry under which the (9+ have charge n, and this symmetry should not be broken 
by the F 4 vertex. 

Now we turn to the case G k7L. Define N via ^2 n i = kN . The coupling in this 
case takes the form 



fc-i 



fc-i 



n 2 ,n 3 , 14 



k i=l p =0 



„-r 



sin 



2^ U sin T ni ^^ (k ~ p)np) ■ (D - 7) 



The function f(p) introduced in ( D.7 ) has the following properties : 



f(p) = f(-p) = f(p + k); /(0) = 0. 



(Di 



Using these properties one can easily show that 



k-i , fc-i 

p=0 p=0 



so we conclude that 



k (-1)^ ! 

2 cir> 2 

o .=o sm k i=l 



"1,12,13, "-4 



— ^ TTsin^ 

2r ? TTp J, 



A- 



(D.9) 



(D.10) 



Without loss of generality we will assume that n\ < n<2. < n 3 < ^4. We can use the 
following identity to simplify ( p.lU[ ) : 



min(r,r ) — 1 

> sin — — sm — — (r + r — 2n — 1) = sm I — — r J sm I — — r I . 



1=0 



k k 

Then, (P-10| ) takes the form 



fD.ll) 



t 



k 



k-i 



ni — 1 ns — 1 



ni , i 2 , "3, 14 



lr g E(-1)" P E E [oosf (^Jfc-2(Z 1 + Z 8 )-2) 



p=0 



Z 1= 2 3 =0 



(D.12) 



cos + n 2 - n 3 - n 4 - 2(Zi - Z 3 ))] 



Simplifying, one arrives at the following expression for the coupling 



11, 12, 13, 14 



Art 



E E t^i+'s+i, fez - 8h+ls+n 4 +l, 



fczJ 



(D.13) 



z 1= o z 3 =o 
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Let us analyze this result. Since the rij lie between 1 and k — 1, the sum of the n^s is 

4 

4<^n,<4£;-4, (D.14) 

i=l 

or equivalently 1 < N < 3 (recall that N = £\ n i must be integer to get a non- vanishing 
coupling), which means that we have three cases to consider. Let us consider them in turn. 

(1) For N = 1 one can see that neither of the two delta functions in (|D.13|) is saturated 
and hence the coupling in this case is zero. 

(2) For N = 2 we see from the ordering of the n% that 

ni + U2, < ri2 + ^ ni + U2, < k, 

(D.15) 

n i + ^2 < n 3 + ^4 ni + rj-2 < k , 

which means that the first delta function in ( P.13|) is never saturated, while the second 
gives the following value for the coupling 

k 2 

t ni ,n 2 ,n 3 ,n 4 = J ~2 min(m , k ~ TI4) . (D.16) 



(3) For Af = 3 we conclude using ni < 112 < n% < < k — 1 that 

'3k 



k + 2 < m + n 3 < 



; n % + nj > k + 2, , (D.17) 



where [3/c/2] is the integer part of 3/c/2. From this we conclude that the contribution 
from the first delta function is 

ni — 1 113 — 1 

^ ^ fr 1+ ; 3+1 , fcz = min(n!, n± + n 3 - k) = n x + n 3 - k , (D.18) 
z 1= o z 3 =o 

while the second delta function contributes 

711 — 1 "-3 — 1 

- 22 zJ ^i+«3+n 4 +i,fez = -(min(m, /c-n 4 )+min(ni,/c-n 2 )) = -(2k - n 2 - n 4 ) • 
z 1= o l 3 =0 

(D.19) 

We see that in this case the coupling is again vanishing. 
To summarize, using the symmetry of t in its four indices, we found that 



_fc 2 
4r, 



-m ,n 2 ,n 3 ,n 4 - min(ni, fc - m) (D.20) 
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if Y2 n i — and it vanishes otherwise. 

It is interesting to note that (|D.20|) can be written in terms of the fusion coefficients 



of the SU(2) WZW theory of level k - 2, 

k 2 , 

t ni ,n 2 ,ns,n4 = / ] ffirai-l^-lffiL-l.Tu-l Ui = ^ ' (D.21) 

where (see for example 



1=0 



N^ 1 - - V— L_ S in sin ^ sin ^ fD 22) 

are the fusion coefficients of SU(2)k-2, 

(1 if \l 1 -l 2 \<l 3 <mm(l 1 + l 2 ,2(k-2)-h-l 2 ) 

N h,l 2 = \ ( D - 23 ) 
[0 otherwise . 

The indices U are related to the SU{2) spins ji, which label the primaries of SU (2)k-2, as 

is: 



follows: U = 2ji. A useful identity for verifying (|D.21 



E' . uml . nnl k , . . . 

sm — — sm — = -(d m -n,2fcz ~ <Wn,2fcz) • (D.24) 

1=0 
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